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We study the unit-demand pricing problem under min-buying behavior, where customers purchase the
lowest-priced item that yields non-negative utility. In contrast to the quasi-linear model, we show that
uniform pricing becomes substantially more powerful under min-buying. Specifically, in the well-studied
case of unit-demand pricing for quasi-linear utility-maximizing customers, two classical lines of work show
that: (i) when valuations are IID for n items, an optimally chosen uniform price is a two-approximation of
the optimal discriminatory (non-uniform) pricing ( , ), and (ii) when valuations are
independent but not identical, and satisfy a regularity condition, a uniform price is a ~ 2.62 approximation of
the optimal differentiated pricing ( , ). In this paper, we consider the analogous
problems and their extensions for min-buying customers.

First, we study symmetric environments. We show that for min-buying customers with IID valuations, a
single uniform price across all items is optimal. We then extend this optimality result to a broad class of valu-
ations drawn from exchangeable and affiliated distributions. However, uniform pricing is not always optimal
in symmetric environments: for min-buying customers we construct an exchangeable valuation distribution
for which the gap between uniform pricing and optimal item pricing is logarithmic in the number of items
which is tight and matches the worst-case gap in the quasi-linear setting. Next, we consider asymmetric
environments in which valuations are independent but not identically distributed. When these valuations
are regular and customers are min-buying, we show that a uniform price achieves =~ 69.8% of the optimal
item-pricing revenue and this is tight. Overall, our results highlight that the value of non-uniform pricing
substantially diminishes, and often disappears entirely, under more conservative demand models in which

customers engage in satisficing behaviors such as min-buying.
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1. Introduction

In a unit-demand pricing problem (UDP), the task is to find prices for n items that maximize a
seller’s expected revenue given some distribution over customer valuations. Once prices are set,
each unit-demand customer draws a vector of valuations, and purchases the item they prefer most
(or nothing) according to some decision rule. The most commonly studied decision rule is when
customers are quasi-linear utility-mazximizers who choose the item that maximizes the difference

between their valuation and the price, or no item when all differences are negative. The next most
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common decision rule is called min-buying, as popularized by ( ).
Under min-buying, customers purchase the lowest priced item that gives them non-negative utility.

Both quasi-linear utility-maximization and min-buying are useful modeling choices in different
settings. While quasi-linear utility-maximization is an intuitive and natural way to model rational
customer behavior, it requires assumptions about how customers make choices that do not hold in
all settings. Namely, it requires that customers translate their preferences into a common numerical
scale and then choose based on utility comparisons between all pairs of items. Research in behavioral
economics provides many examples where, due to limited attention, cognitive costs, and/or other
biases, customers fail to maximize their quasi-linear utility in this way and instead are better
modeled as following simple heuristics to make purchasing decisions (for a survey of results in this
area, see ( )). Inspired by such settings, when customers are not modeled
as fully rational, a common alternative is to suppose that they engage in satisficing behavior.
Under this behavior, customers screen items by whether they are “good enough” (i.e., yield non-
negative utility) and then pick the cheapest acceptable option ( ). This is equivalent
to following a min-buying rule.

Beyond concerns of rationality, min-buying rules are also commonly used to model how cus-
tomers make decisions under incomplete information. For instance, in settings with opaque products
(i.e., products where some attribute of the good, such as color or style, is hidden until after pur-
chase), a common assumption is to model customers as risk-averse, meaning that they value the
opaque product according to the minimum-valued possible allocation (

, , ). UDP problems with min-buying customers are also
structurally identical to so-called oblivious sequential posted price (OPP) problems where arriving
customers are shown a sequence of prices in ascending order ( ), as well as certain
ranked assortment optimization problems ( , ).

For either choice of decision rule, UDPs of the above form are foundational models for under-
standing the value of price discrimination, which concerns setting different prices for horizontally
differentiated items, and price differentiation, which concerns setting prices for vertically differenti-
ated items. Much recent work on UDPs has focused on quantifying the value of price discrimination
or differentiation relative to the strategy of offering a single uniform price for all items. For quasi-
linear customers, however, the story is mixed. On the one hand, in the natural setting of IID
valuations and quasi-linear utility-maximizing customers, a uniform price need not be optimal
( ), and optimal discriminatory pricing can earn up to twice as much revenue
( , ). (Note pricing in this setting is referred to as discrimina-
tory since, when valuations are IID, every permutation of a price vector yields identical revenue,

thus the assignment of relatively high and low prices to particular items is arbitrary). On the other
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hand, a complementary line of work shows that uniform pricing can be remarkably effective even in
asymmetric (i.e., vertically differentiated) settings. For quasi-linear utility-maximizing customers
with independent but non-identical item valuations satisfying a regularity condition, an optimally
chosen uniform price always earns at least 38% (i.e., approximately 1/2.62) of the optimal non-
uniform pricing revenue ( ). This guarantee is surprisingly strong given how different
the item distributions may be, potentially reflecting stark differences in item quality, and highlights
the general effectiveness of uniform pricing.

Viewed through this lens, much of the literature on UDPs can be understood as quantifying when
non-uniform prices are necessary. Because uniform prices are fair, easy to implement, and easy to
optimize, they are attractive to sellers so long as restricting attention to a uniform price does not
result in too much revenue loss. For quasi-linear utility maximizers, the performance of uniform
pricing relative to optimal non-uniform pricing is well understood: prior work provides tight or
nearly tight bounds in canonical regimes, including IID valuations, independent regular but non-
identical valuations, and general worst-case distributions. However, the practical and managerial
implications of these results are less clear. Further, as these results are closely tied to the assumption
that customers maximize quasi-linear utility which may not hold in many practical settings, it is
then natural to ask how these classical conclusions change when customers are min-buying rather
than quasi-linear utility maximizers. In this paper, we answer this question by proving analogues
of these foundational results under min-buying behavior. In contrast to the mixed results in the
quasi-linear case, we find that uniform pricing is optimal in many symmetric environments and,

more generally, achieves substantially stronger guarantees.

1.1. Our Contributions
A summary of our main contributions is as follows:

1. First, we study the value of discriminatory pricing in symmetric valuation environments when
customers are min-buying. We consider three classes of symmetric valuations: IID distribu-
tions, affiliated and exchangeable distributions, and general exchangeable distributions. We
show that when customers are min-buying and valuations are IID, a uniform price is always
optimal (cf. Theorem 1) and thus discriminatory pricing has no additional power in this
setting. We then extend this result to the more general class of affiliated and exchangeable
distributions and show uniform pricing continues to be optimal (cf. Theorem 2). Finally, we
complement these positive results with a lower-bounding construction for general exchangeable
valuations that demonstrates, both in the min-buying and quasi-linear settings, that discrim-
inatory pricing can earn logarithmically more revenue than uniform pricing (cf. Theorem 3)

matching the known upper-bound.
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2. Second, we study the value of differentiated pricing when valuations are not drawn symmet-
rically across items. Our main result in this setting is to show that for min-buying customers,
when valuations are drawn from independent and (not necessarily identical) regular distribu-
tions, a uniform price is guaranteed to earn ~ 69.8% of the revenue of the optimal non-uniform
pricing and this is tight (cf. Theorem 4). This resulting approximation substantially improves
over the ~ 38% that can be guaranteed in the quasi-linear case, further emphasizing the
differences between these two models.

Overall, our work highlights how the unit-demand pricing problem changes when customers
are min-buyers versus quasi-linear utility-maximizers. We situate our results within the broader
literature on unit-demand pricing and show that, both for price discrimination among horizontally
differentiated items and for price differentiation across (potentially) vertically quality-differentiated
items, the gains from non-uniform pricing depend critically on the customer decision rule, and are
markedly smaller under min-buying (often vanishing altogether). En route to our results, we also
develop techniques for how to analyze pricing in general symmetric settings and how to exploit the

structure of min-buying behavior which may be of independent interest.

1.2. Literature Review

The literature on unit-demand pricing is vast and interdisciplinary, with contributions from eco-
nomics, operations research/management, marketing, and computer science. In this subsection, we
describe some of the most relevant streams of work on min-buying rules and various unit-demand

pricing problems, and connect these results with our findings.

Models of Min-Buying Min-buying models of customer behavior have a long history, going
back at least to ( ), who highlights the potential value of alternative models of cus-
tomer decision-making, including satisficing rules based on simple min/max criteria. More recently,
behavioral evidence that quasi-linear maximization can, in some settings, provide a poor expla-
nation of consumer choice has spurred renewed interest in min-buying models (

, ). These min-buying-style models are also supported by empirical
research in several contexts. For example, ( ) use eye-tracking data to show that
many consumers engage in satisficing behavior (rather than comparing across all available items)
and ( ) provide theoretical and empirical evidence that customers may exhibit loss
aversion and gravitate toward lower-priced items more strongly than would be expected under a
fully rational, quasi-linear utility-maximizing model.

Building on their use as a model of bounded rationality, a growing body of work studies pricing
and revenue-management problems under min-buying-type assumptions (e.g., ( ),

( ), ( )). Min-buying rules are also commonly used to model



Hamilton et al.: Unit-Demand Pricing for Min-Buying Customers 5

customer decisions under incomplete information, such as arises in settings with opaque products,
where information about the good is hidden until after purchase. In models of opaque selling, it
is common to assume that customers are risk-averse, meaning that they value an opaque product
according to the minimum-valued possible allocation ( ,

, ). Furthermore, unit-demand pricing under min-buying is closely connected
to certain assortment-optimization models ( ). In particular,
( ) establish an exact correspondence between min-buying UDPs and revenue-ordered assort-
ments, allowing our results to translate directly into new guarantees for specific instances of their

model.

UDPs in Symmetric Settings There is a deep body of work studying the value of price
discrimination in symmetric settings. When valuations are drawn IID and customers are quasi-
linear utility maximizers, a stream of papers ( , , ,

) shows that non-uniform discriminatory prices can strictly outperform uniform pricing.
For n items, the ratio between the revenue of the optimal item pricing and that of the optimal
uniform pricing can be as large as 2 — %, and this bound is tight. Beyond their direct implications
for pricing, these results have also been influential in the algorithmic game theory literature because
of their close connections to prophet inequalities, which have spurred substantial follow-up work;
see, for example, ( ) ( ).

Beyond IID valuations, prior work has studied other symmetric settings in which valuations
are correlated across items and exhibit some form of positive dependence (

), as well as the general setting in which valuations are exchangeable. In particular, for general
exchangeable valuations and quasi-linear utility-maximizing customers,
( ) show that discriminatory pricing can earn at most a logarithmic factor more revenue than
uniform pricing and ask whether this bound is tight. We answer this question in the affirmative by
constructing an exchangeable instance in which, under min-buying, discriminatory pricing earns
a O(logn) factor more revenue than uniform pricing, where n is the number of items. This lower
bound also applies to quasi-linear customers as, for any fixed price vector, revenue is weakly higher
under quasi-linear utility maximization than under min-buying, whereas uniform-pricing revenue
is identical under the two decision rules. Conversely, every upper bound for quasi-linear customers
applies to min-buying UDPs. Together, these observations establish that the logarithmic gap is
tight up to constant factors under both decision rules.

In parallel with work characterizing approximation guarantees for uniform pricing, a stream of
papers studies the algorithmic problem of solving UDPs, sometimes referred to as item pricing,

in symmetric settings. For quasi-linear utility-maximizing customers with IID valuations,
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( , ) show that finding the optimal item pricing is NP-hard even when valuations are
restricted to three support points. On the positive side, when valuations are IID and bounded,

( ) provide an additive PTAS, while ( ) give a multiplicative

PTAS. In this paper, we study the analogous problem for min-buying customers and show that

uniform pricing is always optimal when valuations are IID. This result simultaneously characterizes

the performance of uniform pricing and reduces the corresponding item-pricing problem to a one-

dimensional optimization.

UDPs Beyond Symmetric Settings Outside symmetric settings, there is also a vast body
of work studying the value of price differentiation. The most relevant stream is that of
( ), ( , ), which show that when customers are quasi-linear utility
maximizers and valuations are drawn independently but non-identically from regular distributions,
the revenue of an optimal uniform price is always within a factor of approximately 2.62 of the
optimal differentiated-pricing revenue, and that this factor is tight. In our work, we study the
analogous problem for min-buying customers and characterize the exact worst-case approximation
factor, showing that an optimal uniform price is within a factor of approximately 1.43 of the
optimal differentiated pricing. Equivalently, our result characterizes the tight revenue gap between
anonymous pricing and optimal order-oblivious posted pricing for independent regular valuations
(and alternatively, the result of ( ) can be cast as giving the tight approximation factor
between differentiated pricing and uniform pricing when customers are maz-buying, meaning they
purchase highest priced item for which they obtain non-negative utility). On the algorithmic side,
there is a significant literature on solving or approximating the optimal item-pricing problem when
valuations are non-identical and customers are quasi-linear utility maximizers; see
( ) ( ) ( ), ( ). Several of
these techniques and guarantees also extend to related min-buying formulations. However, relative
to this literature, our focus is on establishing tight constant-factor approximation guarantees for

the simpler policy class of uniform pricing.

1.3. Paper Outline

The remainder of the paper is organized as follows. In Section 2, we describe the model and give
some preliminary results about unit-demand pricing for min-buying customers. In Section 3, we
study the performance gap between uniform pricing and discriminatory pricing when valuations are
drawn symmetrically. In Section 4, we consider when items are valued asymmetrically and bound
the gap between uniform pricing and differentiated pricing. Finally, in Section 5 we conclude and
describe avenues for future work. All omitted examples and proofs referenced in the main body

can be found in Sections A and B in the Appendix.
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2. Model and Preliminaries
We consider a seller offering n items, described by the index set [n]:={1,2,...,n}, to customers
with non-negative, random valuations V = (Vi,..., V). For each item i, we will denote the marginal
valuation distribution by V; ~ F,;. We suppose each marginal distribution F; admits a continuous
density f;'. We denote the survival function (cCDF) of a distribution F; by F;(z) := 1 — F;(z).
Assuming knowledge of the valuation distribution, the seller sets prices, p = (p1,pa, ..., pn) for the
n items, where throughout we will assume the items are indexed so that p; <p, <...<p,.
Facing item prices p, we suppose customers are unit-demand and min-buying, and thus purchase
the minimum priced item such that their valuation exceeds the price, or nothing if all prices exceed
their valuations. Since items are indexed to be in ascending price order we can equivalently say
a customer with valuation vector v = (vy,vs,...,v,) purchases the item * := min{i|v; > p;}, or
no item if v; < p; for all i € [n]. We will denote the expected revenue of a seller using prices p
by Rpp(p), and let Rpp :=max, Rpp(p) with the argument suppressed to denote the maximum
achievable expected revenue. When p is such that the prices for the items are all the same, i.e.,
p=p-e, for some p € R and where e, :=(1,1,...,1) € R™ is the vector of 1’s, we will refer to this
as a uniform pricing and denote the revenue by Ryp(p). When referring to the expected revenue
of the optimal uniform pricing we again omit the argument and denote it by Ry p := max, Ry p(p).
In this paper, we will compare Rpp and Ryp for several important classes of valuation distri-
butions. In the remainder of this section, we will describe some preliminary results about these

revenue functions that will aid us in our subsequent analysis.

2.1. Preliminaries
In this subsection, we will describe some preliminary results related to the structure of unit-demand
pricing for min-buying customers. First, note that when valuations are independent, the revenue

of a uniform price p can be expressed simply as:

Rup(p)=p (1 - HFz(p)> ) (1)

which is the price p multiplied by the probability that at least one valuation exceeds that price. The
revenue of uniform pricing is the same regardless of whether customers are min-buying, quasi-linear
utility maximizing, or max-buying.

The min-buying behavior becomes relevant for non-uniform price vectors. Specially, for the some
prices p, and when items are re-indexed so that p; < p;,; for all i € [n], the min-buying assumption
allows us to express the revenue generated by p in a simple product/sum form:

Rpe(p):= Zpﬂ%(i =argmin{j:Vj ij}) = Zpi Pr(V;>p; and V; <p;, Vje[i—1])
i=1 1=1

J€[n]
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—szPr (Vi>pi) HPr (V; <pj)

=S E ) [T ©)

Often we will reference how a pricing policy operates over a restricted subset of items S C [n]. We
denote the sub-vector of a price vector p over an index set S by the subscript pg, i.e., ps = (p;)jes,

and denote the revenue of a price vector over the restricted set S by the superscript as:

Ryp(Ps) =Y _piPr <Z—argmm{] V; >pj}> (3)

i€s
For unit-demand pricing with min-buying customers, there is a natural recursive formula for the
expected revenue of an item pricing relative to a restricted set of the items. Specifically, for any
k € [n], let Sy :={1,...,k} be the set of the first k items, and define S; := [n]\ S, to be the
complement set of the last n — k items. Then for any k, Eq. (2) can alternatively be expressed over

S, and S}, as:

RDP(p):ZpiFi(pi)ﬁFj(pj Z piFi(ps H i(p;)

i=k+1
= Rp(Ps,) < > piFip) H Fj(pj)> [1F@)
i=k+1 j=k+1 j=1
B k
=R (Ps,) + Rie(ps,) [ [ Fie))- (4)
j=1

Eq. (4) captures a form of separability in revenue between the k lowest priced items and the

remaining n — k. If apply this property to S; we have:

Rop(P) =Rp(ps,) + Rip (3, )F(ps,), (5)

which neatly separates the n item pricing problem for min-buying customers into a single item
pricing problem in the first term (the term Ry (ps,) equals pg, Fy(ps,) which is the revenue of
the scalar price pg, in a standard monopoly pricing problem), and an n — 1 item pricing problem
in the second term. The two terms are tied together only by the constraint that the prices are
ascending. Specifically, from Eq. (5) we observe that if p* are the optimal item prices, then p%l
must be the optimal item pricing over S; subject to the constraint that the prices are increasing,
ie., that ps, > ps e, 1 component-wise.

This is a key way in which the revenue function of item pricing for min-buying customers differs

from item pricing for quasi-linear utility maximizers. In the quasi-linear case, items “compete”
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through their net utilities v; — p;, so the demand for any one item depends on the full price vector.
In contrast, min-buying induces a strong form of cannibalization where lower-priced items screen
customers away from higher-priced items. Armed with this insight, we are now ready to study

UDP for min-buying customers when valuations are symmetric.

3. Uniform Pricing vs. Discriminatory Pricing

In this section, we will study unit-demand pricing for min-buying customers when valuations are
drawn symmetrically. This setting models discriminatory pricing where a seller offers a substi-
tutable set products of similar quality, for instance various colors of the same item, at different
prices. As mentioned in the introduction, a surprising and influential line of work has shown that,
even under symmetric valuations, discriminatory pricing can substantially outperform uniform
pricing when customers are quasi-linear utility maximizers. Here, we consider when this advantage
persists for min-buying customers by studying the performance of uniform pricing in three increas-
ingly general symmetric environments: IID valuations, exchangeable and affiliated valuations, and

general exchangeable valuations.

3.1. Uniform Pricing Guarantees for IID Valuations

The case of IID valuations is the most commonly studied symmetric setting of the unit-demand
pricing problem. For quasi-linear utility-maximizing customers with IID valuations,

( ), ( ) show that discriminatory pricing can earn up to twice as much revenue
as uniform pricing, and that this factor is tight as the number of items grows large. Our first
result shows that this phenomenon disappears for min-buying customers: when valuations are 11D,

discriminatory pricing offers no advantage over uniform pricing.

THEOREM 1 (IID Valuations). Suppose there are n items, customers are min-buying, and they
draw valuations IID from some positive-valued distribution V; ~ F for i € [n]. Then a uniform price

18 revenue-marimizing, i.e., Rpp = Rup.

Theorem 1 shows that, for min-buying customers and IID valuations, the natural intuition that
symmetrically valued products should be priced symmetrically holds true. Theorem 1 also implies
that the algorithmic problem of setting prices in this setting is straightforward. Whereas, in the
case of quasi-linear utility-maximizing customers, the unit-demand pricing problem is NP-hard
to solve even when valuations are IID ( ), when customers are min-buying the
corresponding algorithmic problem simplifies to a one-dimensional optimization to determine the
optimal uniform price.

Before we formally prove Theorem 1, to build intuition it is helpful to consider how non-uniform

prices can capture revenue in symmetric settings. Specifically, a non-uniform price vector creates
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high- and low-price “tiers”. The high-price tiers can increase revenue in cases where a customer
both has strong preferences and those preferences happen to be for high-priced items. This benefit
is offset by a cannibalization effect where the low-priced items can draw demand away from higher-
priced items. For min-buying customers, this cannibalization effect is much stronger than in the
quasi-linear case. A min-buying customer who finds any lower-priced item acceptable (i.e. would get
non-negative utility from purchase) never purchases a higher-priced acceptable item, regardless of
how much more they value the higher-priced item. Thus the revenue lift for discriminatory pricing
in the quasi-linear case is driven by customers who find multiple items acceptable and nevertheless
opt for the more expensive of the acceptable items. We formalize this intuition next.

Proof of Theorem 1. We will prove that revenue is maximized by uniform pricing by induction
on the number of items, n. In fact, we will prove that stronger statement that, for every price
vector p = (p1,...,Pn), there exists a price p € {p1,...,p,} such that Ryp(p) > Rpp(p1,-..,Pn)-
The base case of n =1 follows immediately, so let n > 2 and suppose the claim holds for n — 1
items. Fix an arbitrary price vector p = (p1,...,p,) and suppose the items are re-ordered so that
p1 <...<p, (by symmetry this is WLOG).

It follows from Eq. (5) and the induction hypothesis that there exists a price p € {pa,...,pn}
(and thus p > p,), such that:

Rpp(P) = (1 — F(Pl)) +F(P1)R%1P(P27 ey Pn)
<pi (1 - F(pl)) + F(pl)Rglp(ﬁ)
:RDP (phﬁen—l)) (6)
i.e., that the revenue Rpp(p) is dominated by a discriminatory pricing p := (p1,p, ..., D).

Now we will show Rpp (pl, ﬁen_l) is dominated by one of two possible uniform prices, either p,

or p. To that end, first note that if F(p) =1, then

RDP(phﬁen—l) :pl(l — F(pl)) <Rup(p1),

and the result follows. Thus suppose that F(p) <1 and note since p; < p, this also implies that

F(p1) < 1. Define X := 11:FF(;”1 1))", and consider:

max {Ryp(p1), Rup(P)} > ARup(p1) + (1 =N Rup(p)
= (1= F(p0) + () (1= P ) o
>pi(1=F(p1)) +F(p)p(1 =F(p)" ™)

=Rpr(P), (7)




Hamilton et al.: Unit-Demand Pricing for Min-Buying Customers 11

where the first inequality follows from the fact that 0 < A <1, and the second inequality follows

1—2"

because (i) the function =

F(p1) <F(p) and thus,

is increasing for = € [0,1), and (ii) since p; < p we have that

1-F(p)" _ 1-F(p)"
=)y~ T-F(p) "

Finally, the last equality follows from Eq. (5). Thus from Eq. (6) and Eq. (7), we see that a uniform

pricing always dominates any discriminatory pricing. By the principle of mathematical induction,
uniform pricing is revenue maximizing for all n. O

We note that the proof of Theorem 1 requires no regularity assumptions on the valuation distri-
bution, nor does it require a detour through mechanism design or prophet inequalities as optimality
proofs often do in the quasi-linear setting. In this sense, it is a purely pricing-based proof that
proceeds by exploiting the special structure generated by min-buying behavior and IID valuations.
The proof of Theorem 1 also serves a useful template for more general proofs of uniform pric-
ing optimality: proceeding by induction on the number of items, reducing to the two price case,
and then showing that discriminatory pricing is upper-bounded by a convex combination of two

uniform-pricing revenues. We will extend this argument in the next subsection.

3.2. Uniform Pricing Guarantees for Exchangeable and Affiliated Valuations
Although IID valuations are commonly studied, they are not the most general model of symmetric
valuations. In the remainder of this section, we consider the broader symmetric setting in which
valuations are drawn from an exchangeable distribution. Exchangeability requires that the joint
distribution of the valuation vectors be invariant to any permutation of the items. Thus, while
exchangeability preserves symmetry across items, it still allows for item valuations to be correlated.
This correlation makes exchangeable distributions expressive enough to capture a variety of market
characteristics that IID valuations cannot. For example, an exchangeable distribution can represent
variation in breadth of preference by controlling how many items a customer is likely to value
highly. It can also capture heterogeneity in the strength of preferences by allowing for mixtures of
high- and low-valuation customer types (as we do in Example EC.1).

Unfortunately, uniform pricing is not optimal for all exchangeable distributions, even when cus-
tomers are min-buying. To illustrate, we give a simple example where discriminatory pricing out
performs uniform pricing in Example 1 next.

EXAMPLE 1 (Rpp > Ryp FOR AN EXCHANGEABLE DISTRIBUTION). Suppose there are two
items, customers are min-buying, and their valuations are drawn according to the exchangeable

three-point distribution:
(1,1), with probability 2,
(V1,V2) = ¢ (2,0), with probability I,
(0,2), with probability %.
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For this instance, a uniform price of 1 and uniform price of 2 both earn revenue 1 and thus Ryp = 1.
Now consider the discriminatory pricing p = (1,2). Customers with a valuation vector of (1,1)
purchase the first item at price 1, customers with a valuation vector of (2,0) also purchase the first
item at price 1, and customers with a valuation vector (0,2) purchase the second item at price 2.
Therefore,

5

1 1 1

Thus, differentiated pricing earns strictly more revenue than uniform pricing, even with only two
items and an exchangeable distribution supported on three valuation vectors. ]

Example 1 presents a barrier to generalizing Theorem 1 to all exchangeable valuation distribu-
tions. However, note that the distribution in Example 1 encodes a form of negative dependence
among item valuations: conditional on a customer valuing one item highly, at 2, their valuation for
the other item is 0. Although such negative dependence may be plausible in some settings, when
items are valued symmetrically because they are substitutes within a common product category, it
may also be natural to suppose that valuations are positively associated. That is, customers who
value some items highly may also tend to value the remaining items highly. In the mechanism-design
literature, this form of positive dependence is commonly modeled through a so-called affiliation
condition ( , , ). We give a formal
definition next.

DEFINITION 1 (AFFILIATION). A joint distribution over valuations Vi,...,V,, is affiliated if it

has continuous CDF F and density f such that, for all valuation vectors v and v/,

FVVVIFvAY) = FV) F(V), (8)

where vV v’ and v A v’ denote the component-wise maximum and minimum of v and v’, respectively.

Unpacking Eq. (8), it encodes positive dependence by enforcing that aligned valuations where
the vector is all high (the pairwise maxes) or all low (the pairwise minimums) are more likely than
mixes of high and low valuations. This is easiest to see for two items, where affiliation is equivalent
to requiring that f(z1,22)f(y1,92) > f(21,2) f(y1,72) for all z; <y, and x5 < yo.

As IID valuations are trivially affiliated, the setting of exchangeable and affiliated valuations
is strictly more general than the IID setting studied in Theorem 1. Moreover, the distribution
in Example 1 is not affiliated. Thus we may consider whether uniform pricing remains optimal
when valuations are both exchangeable and affiliated. The challenge in handling this more general
setting is that the positive dependence among item valuations can be quite intricate. Furthermore,
for quasi-linear customers, there exist exchangeable and affiliated distributions under which dis-

criminatory pricing earns more than twice the revenue of the optimal uniform pricing; we provide
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a simple construction in Example EC.1. Thus, relative to the IID setting, discriminatory pricing
can be even more powerful for quasi-linear customers when valuations are exchangeable and affil-
iated. Nevertheless, imposing affiliation in addition to exchangeability is sufficient to recover the

optimality of uniform pricing for min-buying customers, as we show next.

THEOREM 2 (Exchangeable and Affiliated Valuations). Suppose there are n items, cus-
tomers are min-buying, and their valuations are drawn according to an exchangeable and affiliated

joint distribution. Then a uniform price is revenue-mazximizing, i.e., Rpp = Ryp.

The proof of Theorem 2, while more involved, follows the same general structure as the proof
of Theorem 1. First, we use the induction hypothesis, together with standard closure properties of
exchangeable and affiliated distributions, to reduce from considering arbitrary discriminatory price
vectors to just two-level pricings in which the first item has a low price (p;) and all remaining items
have a common higher price (p > p;). We then bound the revenue of this two-level pricing by the
maximum of Ryp(p;) and Ryp(p). However an additional issue arise; under the two-level pricing,
either the first item is purchased at price p;, or it is rejected, meaning V; < p;, and the remaining
items are considered for purchase. Unlike in the IID setting, for exchangeable distributions rejection
of the first item may change the joint distribution of the remaining valuations, so we must control
how this conditioning affects the probability of a future purchase. Intuitively, it is here where
affiliation rescues the proof as it implies that customers whose valuation for the first item is low
also tend to also have lower valuations for the higher-priced items, lowering the revenue potential
of discriminatory pricing.

Formally, by following same convex-combination argument used in the proof of Theorem 1, we
show that to gain the necessary control over the revenue after conditioning in the exchangeable
and affiliated case, it is enough to establish the following inequality. Letting M :=max; V;, for all
a < b we require that

Pr(Vi<a|M>a)>Pr(Vi<a|M=>b). 9)

In words, Eq. (9) states that conditional on the customer’s maximum valuation exceeding a higher
threshold, any particular valuation is less likely to remain below the low-price threshold a. Unfor-
tunately, we can not just directly apply the affiliation condition (i.e. Eq. (8)) directly to the pair
(V1, M) as this is not justified by the standard closure properties of affiliated distributions. The
maximum M is an aggregation of the valuation vector which includes V;, and affiliation is not
generally preserved under arbitrary increasing aggregations. Positive association alone is also insuf-
ficient: it compares fixed increasing events, whereas Eq. (9) requires a monotone comparison across

different conditioning thresholds.
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We resolve this difficulty by passing to the full vector of order statistics. Let V*) denote the
k" order statistic and note M = V(. By exchangeability, the order-statistic vector has density
91y yn) =0l f(yr, -, yn)1H{ys < -+ <y, }. Now note that the ordered cone {y; <...<wy,} isa
sub-lattice. Its indicator is therefore affiliated, and multiplying the original affiliated density by this
indicator preserves affiliation ( ). Hence the order statistics are affiliated.
Marginalizing the order-statistic vector then shows that each pair (V(® M), for k < n is affiliated.
This affiliation then implies that, for every fixed a and k < n, the function ¢y, ,(t) :=Pr(V® < q |
M >t) is non-increasing. Finally, using exchangeability and an averaging argument, we translate
these order-statistic comparisons back to an individual coordinate to show that, conditional on
the symmetric event { M > t}, the probability that V; < a equals the average probability that each
order statistic lies below a. This establishes Eq. (9) and completes the comparison between the
two-level pricing and the two corresponding uniform prices.

In the next subsection, we consider the general symmetric setting of exchangeable distributions
and show that, without additional restrictions on the valuations, the worst-case performance of

uniform pricing in the min-buying and quasi-linear settings.

3.3. Uniform Pricing for General Exchangeable Distributions

In this final subsection, we complement our results demonstrating the optimality of uniform pricing
for min-buying customers in the IID and affiliated and exchangeable settings with a negative result
showing that, in the most general symmetric settings, even under min-buying, uniform pricing may
earn logarithmically less than optimal discriminatory pricing. For general exchangeable valuations
and quasi-linear utility-maximizing customers, ( ) show that uniform
pricing is a 1+ log(n) approximation to the revenue of optimal discriminatory pricing, and this
guarantee applies to min-buying customers as well since the revenue of any pricing with quasi-
linear customers upper-bounds the revenue with min-buying ones (for uniform pricing they are of
course identical). ( ) also conjecture that their bound is not tight
and that a constant-factor approximation may be possible. In the following theorem, we show that
this conjecture is incorrect and that, in fact, for both the min-buying and quasi-linear settings, the

logarithmic approximation is best possible up to constant factors.

THEOREM 3 (Exchangeable Valuations). Suppose there are n items and customers are min-
buying. There exists an exchangeable distribution such that Rpp > B—zlog(n)RUp which implies
that uniform pricing cannot guarantee better than ©(log(n)) of the optimal discriminatory pricing

revenue.

The proof of Theorem 3 follows by explicitly constructing an exchangeable distribution over

multiple customer types, where each type i is associated with a valuation level, v;, and a number of
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items, k; € [n], that the customer values. Conditional on a type, a subset of items of the prescribed
size is chosen uniformly at random, and the customer assigns the same positive valuation to every
item in that subset, valuing all remaining items as zero. As the valued subset is chosen uniformly
at random for each customer, the resulting joint distribution is exchangeable. The valuation levels
and type probabilities are then chosen in an equal-revenue fashion so that no single uniform price
can extract more than a constant amount of revenue.

The key feature of the construction is that customers with higher valuation levels value fewer
items, creating a strong form of negative dependence in the valuations. Consequently, under a
discriminatory price vector with geometrically decreasing prices, a type with a high valuation has
a non-negligible probability of being directed toward an appropriately high-priced item, whereas
types with lower valuations are more likely to purchase at one of the lower prices. Each valuation
level therefore contributes on the order of the reciprocal of the number of remaining price levels to
discriminatory-pricing revenue. Summing these contributions yields a harmonic, and hence loga-
rithmic, revenue advantage. We defer the details of the construction and analysis to the Appendix.

Combined with Theorem 3 of ( ), Theorem 3 implies that, for
general exchangeable valuations, the worst-case approximation factor of uniform pricing is O(logn)
for both min-buying and quasi-linear utility-maximizing customers. Thus overall, uniform pricing
under min-buying provides much stronger guarantees than in the quasi-linear case when valuations
across items are symmetric and exhibit some form of positive associated (such as affiliation). How-
ever, when the items are symmetric but their valuations may be arbitrarily negatively correlated,
uniform pricing can perform similarly poorly under the two decision rules.

In the next section, we move beyond symmetric environments and study the performance of
uniform pricing when valuations across items are independent but not necessarily identically dis-

tributed across items.

4. Uniform Pricing vs. Differentiated Pricing

In this section, we consider unit-demand pricing problems in which item valuations are independent
but not identically distributed. These problems model differentiated pricing, where a seller offers
an array of items that need not be perfect substitutes. For instance, standard, professional, and
premium versions of software or electronics where customers will purchase at most one of the
options, but where the differences in valuations for the goods can reflect differences in features and
not just idiosyncratic preference. We refer to pricing in this setting as differentiated, rather than
discriminatory, because differences in prices may now be justified by genuine differences in item
quality reflected in the valuations. In settings with independent but non-identical valuations, we

no longer expect uniform pricing to be optimal. Nevertheless, a surprising line of work shows that,
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when customers are quasi-linear utility maximizers and distributions are suitably light-tailed, a
uniform price can often achieve a significant fraction of the optimal differentiated-pricing revenue
( , ). Here, we study the analogous comparison between uniform and
differentiated pricing for min-buying customers.

To begin, consider the general case in which valuations for the n items are drawn independently
but not identically according to V; ~ F}, i € [n]. In this setting, an optimal uniform price always
earns at least a 1/n fraction of the revenue of the optimal differentiated pricing, since uniform
pricing can replicate the largest revenue contribution obtained from any one of the n items. Unfor-
tunately, without additional assumptions this trivial guarantee is tight even when customers are
min-buying. We demonstrate this for min-buying customers in Example EC.2 in the appendix
using a construction similar to one of ( ). As no non-trivial approx-
imation of differentiated pricing is possible in the general independent case, in what follows we will
study the effectiveness of uniform pricing under the assumption that the valuation distributions

are regular.

4.1. Independent Regular Valuations
The instance in Example EC.2 creates a large revenue gap between uniform and differentiated
pricing revenue by placing small probabilities on increasingly high item valuations. Different items
therefore generate revenue at widely different price scales, and no single uniform price can capture
all of these opportunities simultaneously. To rule out such pathological constructions, it is common
to assume that each item’s valuation distribution is regular ( ,
, , ). Specifically, for a distribution F', let Rr(q) :=qF~*(1—q) for

q € [0,1] denote F’s revenue-quantile function, where F~! is the generalized quantile function.
We call F' regular if Ry is concave. Many common distribution are regular, such as the Normal,
Uniform, and Exponential distributions. The regularity condition is also implied by many well-
known assumptions, including the monotone hazard rate (MHR) condition and the assumption
that the density function is log-concave.

For the remainder of this section, we will assume that each item’s valuation is drawn indepen-
dently from a regular distribution. Our main result will be to characterize the worst-case guarantee
for the revenue of uniform pricing relative to optimal differentiated pricing. In order to state our

main result precisely, we first must define two functions. Namely, define

A(x)::—w, re(0,1), (10)

where A(0) :=0, and let ¢(z) solve the ODE:

d(z)=A'(z)(1 - zc(x)), (11)
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with boundary condition ¢(0) = 1. Let z* be the unique solution to the equation zc(x) =1 (we will
prove uniqueness formally in Section 4.2), and define I'* := :%* ~ 1.4314. We will show that when
valuations are independent and regular, the ratio between the revenue of the optimal differentiated

pricing and the revenue of the optimal uniform pricing never exceeds I'*.

THEOREM 4 (Independent and Regular Valuations). Suppose customers are min-buying
and their valuations are drawn independently from continuous regqular distributions V; ~ F; for

i € [n]. Then, the optimal differentiated and uniform pricing revenues satisfies:

R
DP <1 ~1.4314, (12)
UP
and this factor is tight.
Theorem 4 is the min-buying analogue of the tight result of ( ) for quasi-linear

customers. Through the equivalence between min-buying UDPs and order-oblivious posted pricing,
Theorem 4 also characterizes the tight approximation ratio between anonymous pricing and opti-
mal order-oblivious posted pricing. Note, Theorem 4 provides a substantially stronger guarantee for
uniform pricing under min-buying than is possible in the quasi-linear setting, improving the guar-
anteed fraction of optimal differentiated-pricing revenue from approximately 38% to nearly 70%.
Thus, although uniform pricing is not generally optimal in asymmetric valuation environments, it
remains a remarkably effective policy for the broad class of independent, regular valuations. In the

remainder of this section, we prove Theorem 4.

4.2. Proof of Theorem 4
At a high-level, our proof of Theorem 4 follows the broad extremal-reduction philosophy developed
in ( , , ), successively narrowing types of valuation distributions we
must consider until the problem reduces to a one-dimensional optimization. Specifically, our proof
has four steps. First, we reduce the space of valuation distributions that we must consider from all
regular distributions to so-called triangular-revenue distributions, whose revenue-quantile functions
are triangular (cf. Lemma 1). For every instance, this reduction preserves the differentiated pricing
revenue while weakly reducing the uniform pricing revenue. Second, we further reduce from all
triangular-revenue distributions to a canonical subclass of triangular distributions (cf. Lemma 2).
Third, we optimize over these canonical triangular-revenue distributions and prove that Rpp/Ryp
is bounded above by I'* (cf. Lemma 3). Finally fourth, we construct a sequence of instances for which
the ratio between differentiated pricing and uniform pricing revenue converges to I'*, establishing
the tightness of the Theorem 4 (cf. Lemma 4). Overall, our proof follows a similar approach to

( ), adapting their framework to min-buying customers and deriving a direct bound that

we then optimize.



18 Hamilton et al.: Unit-Demand Pricing for Min-Buying Customers

4.2.1. Reduction to Triangular-Revenue Distributions Following the reduction
approach in ( ), ( , ), we first identify the regular distributions
that are least favorable to uniform pricing relative to differentiated pricing. Specifically, for param-
eters a,v > 0, we say that a random variable V follows a triangular-revenue distribution, denoted

by V ~ Tri(a,v), if its cumulative distribution function (CDF) satisfies:

t
Pr(V<t):t , 0<t<w, (13)

+a

a
a+tv’

and the remaining probability mass placed at v, ie., Pr(V =v) = As v is the maximum
valuation, we will often refer to it as the cap of the valuation. For such a distribution, the revenue-

quantile curve is triangular, i.e.,

. v, 0<¢< 2 ;
O DT A (14)
a(l—gq), <qg<1l
4 a—+v q

where R™(¢?)(¢) is the quantile-revenue function. The two branches of the revenue function meet
at ¢ =a/(a+v), where the slope changes from v to —a, and so the revenue is maximized at a price
of v or, equivalently, at the quantile ¢ = a/(a + v). In the following lemma we demonstrate that
the worst-case analysis of any independent, regular instance facing min-buying customers can be

reduced to triangular-revenue functions.

LEMMA 1 (Reduction to triangular revenue-quantile curves). Consider any instance
where customers are min-buying and their valuations are drawn independently from continu-
ous, reqular distributions, V; ~ F; for i € [n]. There exists a n independent, triangular-revenue

distributions {F;}"_, such that:
Ropp>Rpp and Rup <Rup,

where 7§,Dp and Ryp are the optimal revenues of differentiated and uniform pricing on the trans-

formed instance of triangular-revenue distributions, respectively.

The intuition of Lemma 1 is straightforward and identical to the quasi-linear case where simi-
lar reductions follow. Namely, once an item’s revenue at its displayed differentiated price is fixed,
regularity forces a minimum amount of demand at every lower price. Replacing the original distri-
bution by the corresponding triangular-revenue distribution retains the relevant differentiated-price
contribution but makes the item as unattractive as regularity permits at lower uniform prices.
Triangular-revenue distributions are therefore extremal for the revenue ratio.

After the reduction, we no longer need to optimize over arbitrary concave revenue curves. Each

item is characterized by only two parameters: its cap v, which determines its relevant price scale,
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and its parameter a, which determines how much the probability of purchasing it contributes when
the price is below its cap. The remaining question is now to understand how large the gap can
be between the revenue of differentiated pricing and uniform pricing when items’ valuations follow

the triangular-revenue distributions.

4.2.2. Further Reduction to Canonical Triangular-Revenue Distributions Lemma 1
reduces any instance of independent regular valuation distributions to one consisting of indepen-
dent two-parameter triangular-revenue distributions. However, while these transformed instances
are simpler, analyzing the worst-case ratio over arbitrary triangular-revenue instances remains chal-
lenging. In particular, even for triangular-revenue distributions, the optimal differentiated pricing
may set the prices of some items below their caps, leaving an additional set of price variables
to optimize over. In the next step of the proof, we further reduce the class of triangular-revenue
distributions that we need to consider to one where we may assume the differentiated pricing is at
each distributions cap.

The reduction is driven by a simple property of min-buying. Specifically, define the continuation
revenue from a collection of more expensive items as the expected revenue they generate conditional
on the customer reaching them, or equivalently, conditional on no cheaper item being purchased.
Suppose the continuation revenue from all items with prices above some value v is C', and consider

adding an item V; ~ Tri(a,v) priced at its cap, i.e., p; = v, to the instance. The new item is

purchased with probability ——, and otherwise the customer rejects it and proceeds to the more

a+
expensive items. Hence, the new continuation revenue is:

a ) c a+C

TavC = = s
(©) a+vv+a+v 1+a/v

(15)

where T, ,(C) denotes the continuation revenue after adding the item V; ~ Tri(a, v) to the instance.
From Eq. (15), we see that, once the items are ordered by price, the entire collection of more
expensive items affects every cheaper item only through the scalar continuation value C'. The
number of items, the item’s individual distributions, and the individual prices no longer matter
for differentiated-pricing revenue once C' is fixed. We emphasize that this scalar-state property is
specific to the min-buying choice rule and is what allows us to compress a complicated triangular-
revenue instance into what we refer to as a canonical triangular-revenue instance, following the
terminology of ( ). Our reduction proceeds by successively removing information
that is irrelevant to the continuation recursion while ensuring that uniform pricing does not become
more profitable.

Formally, a canonical instance consists of a terminal item V; ~ Tri(1, P) and a finite sequence

of N triangular-revenue distributions Vj, ~ Tri(ax,vs) whose caps are indexed in decreasing order,
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P>v,>...>vy>1. We evaluate a canonical instance under the pricing which sets each items
price at its cap, i.e., with po = P and p, = v, for each k € [IN]. For a canonical instance, let C
denote the continuation revenue obtained after starting with the terminal item and incorporating
the first k finite items in decreasing-cap order. By Eq. (15), C}, satisfies

P o Qg +Ck,1

R U S E e

ke [N].

The importance of the canonical representation is that, instead of optimizing over arbitrary

triangular-revenue distributions and arbitrary differentiated prices, we now optimize over an

ordered sequence of caps (vy,...,vy) and an associated sequence of nonnegative triangular param-
eters (aq,...,ay), subject to cap-pricing revenue governed by the scalar continuation recursion
above.

In the next lemma, we show that every triangular-revenue instance can be transformed into
a canonical instance while weakly decreasing optimal uniform-pricing revenue and producing a

cap-pricing whose revenue is arbitrarily close to the original optimal differentiated-pricing revenue.

LEMMA 2 (Reduction to Canonical Triangular-Revenue Distributions). Consider an
instance Z of n independent triangular-revenue valuations V; ~ F;, i € [n], normalized so that
Rup =1. For every e >0, there exist an integer N € [n], a value P > 1, and a canonical instance
7 consisting of independent triangular-revenue valuations Vo ~ Tri(1, P) and Vi, ~ Tri(ax,vy) for

k € [N] whose caps satisfy P> vy > vy > ...>vyn > 1, such that, under the differentiated pricing

P = (Do, P1;---,Dr) = (Po, V1, - - -, Vx) we have
ﬁDP(ﬁ) >Rpp—€ and ﬁUP <1,

where ﬁDp(ﬁ) and ’/éUP are the revenue of differentiated pricing optimal uniform pricing on the

transformed instance T of canonical triangular-revenue distributions, respectively.

The proof of Lemma 2 consists of three conceptually simple transformations. First, if an item
with a triangular-revenue distribution is not priced at its cap under differentiated pricing, then
we can truncate the distribution at its displayed differentiated price without changing the item’s
purchase probability at that price, while weakly reducing its demand under uniform pricing. Second,
items with a common cap can be aggregated into a single triangular-revenue item. Third, after
indexing the remaining items in decreasing order of their caps, we compress the first several items
in this ordering, which have the largest caps and therefore the highest differentiated prices, into
a terminal equal-revenue component and at most one boundary item. Similar aggregation and
ordered-triangular reductions have been used in ( ), ( ); however,

here our transformations are chosen specifically to preserve the min-buying continuation-revenue
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recursion. In the proof, we also show that removing all items with caps less than 1 does not decrease
differentiated-pricing revenue.

Lemma 2 preserves the two quantities needed for the worst-case analysis. The canonical instance
has uniform-pricing revenue no larger than the normalized benchmark, while its designated cap
pricing earns revenue arbitrarily close to the original differentiated-pricing optimum. It is therefore
sufficient to bound the cap-pricing revenue of a canonical instance of triangular-revenue distribu-

tions.

4.2.3. Bound for Canonical Triangular-Revenue Distributions The canonical reduc-
tion in Lemma 2 leaves us with a substantially simpler extremal problem for bounding the maximal

ratio between Rpp and Ryp. Starting from the terminal continuation value Cy = PLjuv which

approaches one as P becomes large, we need to answer how large the continuation recursion C}, =

ap+Ck_1
14+ay /v

To answer this question, we must handle the tradeoff between accumulating differentiated-pricing

can become when the optimal uniform-pricing revenue is at most one.

revenue and increasing the opportunity for uniform pricing. To illustrate this, consider some item
k with valuation distribution Tri(ax,vy) priced at its cap vy. Increasing ay raises the probability
that item k sells at its cap vy, thereby creating a larger revenue opportunity at the price v,. The
same increase, however, also raises the item’s acceptance probability a;/(a, + p) at every lower
uniform price p < v,. Thus, creating more differentiated-pricing revenue at one price simultane-
ously increases demand under every lower uniform price. Revenue opportunities at different prices
therefore cannot be created independently.

This coupling can be seen directly from the uniform-pricing constraint. Consider the uniform
price p=wy. Since v; > vy - - - > Vg, the first k items, together with the terminal item, are active at
this price. The terminal item Vy ~ Tri(1, P) rejects p = vy, with probability vy /(vg + 1), while item
i < k rejects with probability vy /(v + a;). Hence,

k
Vi Vg
Rup(p)=vy | 1- <1,
ort = (12 T ) <

since instance is normalized so that Ryp < 1. Let x, := i be the reciprocal cap value. Rearranging,
and and taking logarithms gives us

k
Zlog(l +a;x;) < —log(1—a3).

=1

Finally, the concavity of log(1+ a;z) implies log(1 + a;x)) > x log(1 + a;), and therefore

log(1—x32)
T

Zlog(uan < = A(z).
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We interpret A(z;) as the cumulative uniform-pricing budget available up to reciprocal price z; =
1/vg. Thus, the parameters ay, . .., a; cannot be chosen independently: increasing one of the param-
eters a; may generate additional differentiated-pricing revenue at its own price, but it consumes
part of the same budget and therefore leaves less room for profitable revenue opportunities at other
prices. In this sense, regularity links the revenue opportunities created at different prices through
a common uniform-pricing constraint.

This perspective is closely related to normalized common-price programs in the anonymous-
pricing literature. ( ) normalize anonymous-pricing revenue to one and impose
the corresponding constraint simultaneously at all prices. ( ) exploit the triangular
structure to obtain tractable cumulative constraints at the relevant price boundaries. Our analysis
builds on this general perspective, but the objective that must be controlled is different. Under

min-buying, allocating triangular mass across price scales affects differentiated revenue through the

ap+Cr_1

continuation recursion Cj = [——

. The remaining question is therefore how large this recursion
can become subject to the cumulative budget constraints above.

The key step is to compare the discrete canonical problem with a continuous relaxation. Rather
than optimizing the parameters a; directly, we first move each reciprocal cap to the smallest value
consistent with its cumulative budget, so that the budget constraint binds at every step. This

change can only increase continuation revenue. We then show that the resulting relaxed recursion

is bounded the continuous benchmark c¢(z), defined by
d(z)=A'(z)(1 —zc(x)), c(0)=1.

The differential equation is the infinitesimal counterpart of the discrete continuation recursion. We

also prove that the largest value attained by this benchmark is
c(x*)=T".

It follows that no canonical instance can generate differentiated pricing revenue greater than I'*
when its uniform-pricing revenue is at most one. We summarize the resulting bound in the following

lemma.

LEMMA 3 (Independent and Canonical Triangular-Revenue Distributions). For every

finite canonical instance T with Ryp < 1, the revenue of cap pricing satisfies
Rpp(v) <T*. (16)

The use of triangular reductions, common-price constraints, and continuous limiting instances

has close precedents in ( ), ( , ). The distinctive feature of our
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analysis is what happens after the triangular reduction. Specifically, the min-buying choice rule
yields a one-dimensional continuation recursion, and the interaction between this recursion and
the uniform-pricing budget leads to the continuous envelope introduced in Eq. (11). The resulting
envelope comparison is therefore specific to min-buying and is what produces the constant I'*.
Lemma 3 completes the upper-bound argument in Theorem 4. Starting from an arbitrary instance
of independent regular valuations, Lemma 1 reduces the instance to triangular-revenue distribu-
tions without decreasing the relevant differentiated-pricing revenue or increasing uniform-pricing
revenue. Lemma 2 reduces the triangular instance, up to an arbitrarily small loss, to the canonical
form analyzed above. Lemma 3 then bounds the resulting canonical revenue by I'*. Consequently,

for every € >0

Rpp—e <Rpp(v) <T*Ryp <T* Ryp,

Taking € — 0, we obtain the upper bound result in Theorem 4, which can be equivalently expressed

in terms of the optimal uniform-pricing guarantee as:
Rup > *Rpp.

Finally, it remains to show that the bound from studying continuous envelope can actually be

achieved by a finite instance.

4.2.4. Tightness of Theorem 4 In this subsection, we show that the factor I'* is tight.
Specifically, the tightness construction reverses the relaxation used in Lemma 3. This is analogous
in spirit to the lower-bound constructions of ( ), ( ), where the
continuous or relaxed extremal solution is approximated by increasingly fine, finite triangular-
revenue instances.

The construction follows a simple principle. First fix an endpoint X € (0,1). We then divide the
available budget [0, A(X)] into many small pieces and associate one triangular-revenue item with
each piece. The cap of each item is selected so that the corresponding uniform-pricing constraint
binds exactly. Hence, the construction leaves essentially none of the available uniform-pricing bud-
get unused. As the number of items increases, the discrete continuation recursion then becomes
a first-order discretization of the continuous envelope. Thus, it can get arbitrarily close to the

maximum I'*. The following lemma formalizes the resulting lower bound.

LEMMA 4. For every € >0, there exists a finite canonical instance T such that

RUP:L RDP>F*—€.
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Lemma 4 therefore shows that the continuous-envelope bound is asymptotically attainable. The
same uniform-pricing constraints that generate the upper bound can be made to bind on an increas-
ingly dense collection of prices, while the corresponding continuation recursion converges to the
envelope itself. Hence the constant I'* reflects the true worst-case economics of the problem.

One final technical issue remains. The canonical triangular-revenue distributions contain atoms
at their caps, whereas Theorem 4 is stated for continuous regular valuations. We resolve this issue in
Lemma EC.5 by smoothing each finite triangular instance into an independent continuous regular
instance. The smoothing preserves the revenue of the designated cap-pricing while changing optimal
uniform-pricing revenue by an arbitrarily small amount. Applying Lemma EC.5 to the sequence
of canonical instances in Lemma 4 therefore gives, for every € > 0, there exists an independent

continuous regular instance satisfying

As the details are standard we defer the statement and proof to Section B.3 in the appendix.

Together with the upper bound, this establishes the tightness of Theorem 4.

5. Conclusion

In this paper, we examined unit-demand pricing problems where customers are min-buying and
established optimality and approximation results for uniform pricing policies. Our findings highlight
key differences between pricing for min-buying customers versus pricing for quasi-linear utility
maximizers. Notably, when valuations are symmetric and positively correlated, as is the case for
IID valuations and their generalization to exchangeable and affiliated valuations, we show that
discriminatory pricing provides no additional benefit in min-buying models. Further, even in cases
where valuations are not IID, we demonstrate that the advantages of differentiated pricing are
substantially reduced for min-buying customers relative to the quasi-linear case.

Our work thus underscores the fragility of previous analyses of discriminatory and differentiated
pricing in the quasi-linear setting. When valuations are IID for instance, our result imply that any
additional revenue generated by discriminatory pricing over uniform pricing is driven primarily by
the behavioral assumption that customers choose the item that maximizes their utility over other
acceptable items. However, this assumption is tenuous and may fail in practice. Research in behav-
ioral economics provides numerous examples where customers do not behave rationally and/or
fail to maximize their linear utility ( ). In setting where customers are
modeled as boundedly rational, risk-averse customers, min-buying may be just as faithful a model
of customer’s purchasing behavior as a quasi-linear assumption, however unlike the quasi-linear

assumption, min-buying strongly supports using a well chosen uniform price in most cases.
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Further, our work provides a set of tools to enable further research on pricing for min-buying
customers. For instance, one interesting direction is to extend our analysis to richer feasibility
environments, such as multi-unit combinatorial settings, and to characterize when uniform (or
otherwise simple) pricing policies are optimal or provide strong guarantees for suitability risk-
averse customers. It is also would be interesting to further explore the implications of our results
for oblivious posted-price mechanisms (which recall are mathematically identically to UDP for
min-buying customers) and study mechanism-design questions concerning the relative value of
anonymity in pricing, price discrimination, and control over the order of offers. Finally, it would
also be useful to study behavioral models that interpolate between min-buying and quasi-linear
utility maximization, for example when customers choose the cheapest acceptable item only with
some probability or compare only to a limited subset of products. Such models could clarify how

sensitive the value of non-uniform pricing is to the precise customer choice rule.

Notes

. Continuity is not strictly necessary for our results. Unless otherwise stated, we will assume continuity for ease of

exposition as it allows us to avoid complications due to tie-breaking between items.
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Appendix A: Omitted Examples

In this section, we include all examples which were omitted from the main body.

ExamMpLE EC.1 (g—gf; >2.23 FOR EXCHANGEABLE & AFFILIATED VALUATIONS, QUASI-LINEAR CASE).
In this example, we give an explicit construction and analysis of an instance where valuations are drawn
from an exchangeable and affiliated distribution, and for quasi-linear customers discriminatory pricing earns
more than twice that of the optimal uniform pricing. Thus, the separation between the min-buying and
quasi-linear case is strictly greater for exchangeable and affiliated distributions than it is in the IID setting.

Suppose there are n = 56 items, partitioned into three groups of items Gi, Gz, and Gz where |G| =1,
|G2| = 5, and |G3| = 50. Let customers be quasi-linear utility maximizers who form valuations by first
drawing a latent type T € {1,2,3} according to Pr(T'=1) = {5, Pr(T'=2) = 55, and Pr(T = 3) = 15655
Conditional on T'; the customers drawn valuations IID according to one of three distributions. For a type-1
customer, valuations are always equal to one, i.e., V; =1 with probability 1. For a type-2 customer, valuations
are drawn according to a binary distribution such that V; =1 with probability 1—70 and otherwise V; = 100

with probability 1—30. Finally, for a type-3 customer, valuations are drawn according to:

10000 with probability %,

V; =< 100 with probability 2%,

1 with probability %.

Thus overall, customers draw valuations according to a mixture of ITD distributions, and the mixture family

satisfies a monotone likelihood ratio property and hence is exchangeable and affiliated (this is easy to verify
directly, we omit the computation for brevity).

Now, over this instance we will first bound the revenue of uniform pricing. If p <1, then Ryp(p) =p <1

since valuations are always at least one, and this is tight when p=1. If p € (1,100], then only type-2 and

type-3 customers can purchase and since these types have total probability 1/100, Ryp(p) < 155 < 1. Finally

if p € (100,10000], then only type-3 customers can purchase Ry p(p) < 15555 < 1. As prices over 10000 earn
no revenue, we conclude that Ryp =1
Now consider the feasible discriminatory pricing that charges p; = .99 for items in group G, p, = 99.89

for items in group G,, and p3; = 9900.89 for items in group Gsz. A type-1 customer always purchases the

99

item in G'1, contributing expected revenue of 15

(0.99) =0.9801. A type-2 customer purchases an item in Go
whenever at least one of the items in G5 is valued at 100 and the item in G; is valued at 1, otherwise they
purchase an item in G;. The expected revenue from a type-2 customer is:

99 7 7\° 7 7\
10000 <(99.89)10 <1— (10> ) +.99 (1— 0 (1— (10) ))) > 5799.

Finally, a type-3 customer purchases an item in GGz whenever none of the six items in G; UG5 are valued
at 10000 and at least one item in G3 is valued at 10000. A lower-bound on expected revenue from type-3

customers, considering only this purchasing event or otherwise assuming they buy an item in G is:

i (0 (3) (= () ) (- () (- ) )))
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Combining the revenue from the three types, we have that Rpp > .9801 + .5799 + .6743 = 2.2343. Thus
discriminatory pricing can earn more than twice as much revenue as uniform pricing even when valuations
are exchangeable and affiliated. Further, for simplicity, we have limited this construction to three customer
types but extending the construction allows us to achieve any level of gap between uniform pricing and
discriminatory pricing revenue. (]

EXAMPLE EC.2 (Rpp/Ryp =n FOR GENERAL INDEPENDENT VALUATIONS). In this example, we give
an explicit construction and analysis of a unit-demand pricing problem with min-buying customers and
independent valuations where a single price can guarantee no better than % of the revenue of the optima;
differentiated pricing. We note that a similar construction appears in Section 5 of
( ), albeit in a slightly different context.

Fix any € € (0,1) and choose some B > 2/e. Suppose customers are min-buying and draw valuations V;
for items i € [n] independently according to two-point distributions where V; =0 with probability 1 — B~*
and V; = B? with probability B~¢. For this instance, the optimal uniform price must be in the support of the
valuations. To bound the optimal uniform pricing revenue, consider the price p = B* for some i € [n]. This

uniform price earns:

n

i i i i —j i —~ — —j B

Ryp(B')=B'Pr <m]axV]-2B ) =B (1—H(1—B J)) <B ZB J:X;B <
Jj=i j=i i=

where the first inequality follows from the union bound and the second by adding terms and summing the

geometric series. Thus for any price in the support Ryp(p) < Ryp(B?) < %.

Now consider the differentiated pricing which uses prices p := (B, B?,B3,..., B"). Under this pricing, a

min-buying customer buys item i with probability B~¢ H;;ll(l — B77), and the revenue of differentiated

pricing under p can be bounded as

n i—1

Rop(p) =S BB [[(1-B)
i=1 j=1
n i—1

=Y [[a-B7)

i=1j=1
-3 TTa-5)

i=1j=1
>Y (1-> B7)

i=1 j=1

" 1 B—2
:;(1_ B 1 "B 1

where the second inequality follows from the fact that [],(1—x;) >1—3 2, for any collection {z,} C [0,1].

Combining the upper-bound for uniform pricing with the lower bound for differentiated pricing we see

% > n% = 7" as desired. Further, taking ¢ — 0, we obtain worst-case approximation factor of uniform
pricing for general independent valuations is exactly n. O

Appendix B: Omitted Proofs

In this section, we include proofs of all results which were omitted from the main body.
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B.1. Omitted Proofs from Section 3

Proof of Theorem 2. As in the proof of Theorem 1, our proof will proceed by induction on the number
of items, n, to prove the stronger statement that, for every exchangeable and affiliated joint distribution F’
over valuations Vi,...,V,, and for every price vector p = (p1,...,pn), there exists a price p € {p1,...,pn}
such that Ryp(p) > Rpp(p). The base case n =1 follows immediately, so let n > 2 and suppose the claim
holds for n — 1 items under every exchangeable and affiliated distribution. Fix some arbitrary price vector
p=(p1,--.,pn) and recall since the valuation distribution is exchangeable, we may relabel the items so that
p1 <p><...<p, without loss of generality.

Now, even though valuations are no longer independent, we can still give an recursive analog of Eq. (4)

as:
Rpp(p; F) =p1 Pr(Vi > p1) +Pr(Vy <p1)R%P ((an ey Dn); FVKm) ) (EC.1)

where we will use the notation Rpp(-; G) to emphasize that the revenue is taken as an expectation over
valuations V ~ G, and where FV1<P1 denotes the conditional distribution of (Va,...,V,,) after observing the
event Vi < p;. We may also suppose that Pr(V; <p;) > 0 without loss of generality since, if Pr(V; < p;) =0,
then the lowest priced first item is always purchased and Rpp(p) = Rup(p1).

Now, in order to apply our induction hypothesis in Eq. (EC.1), we must show that F'1<F1 is also exchange-
able and affiliated. To see this, recall that affiliation is preserved under products, conditioning on sublattice
events, and marginalization ( ), and note that, up to normalization, the density of
FV1i<pi jg

p1
FYsri(uy, ..., 0y,) oc/ f(z,vg,...,0,)dz.
0

The set {(v1,...,v,)|v1 <p1} is a sublattice, hence its indicator satisfies the affiliation inequality Eq. (8), and
thus f(v1,...,v,)I{v; <p1} is affiliated. Marginalizing this function over v; shows that the unnormalized
density fV1<Pt is affiliated. Normalization preserves this property, and hence the conditional distribution is
affiliated. Moreover, because the original density f is exchangeable, the conditional density remains exchange-
able in the remaining coordinates 2,...,n.

We may therefore apply the induction hypothesis to the conditional distribution FV1<Pt and the continu-

ation price vector (pa,...,p,). It follows that there exists a price p € {pa,...,p,} such that:
R%P ((pQ’ o ’pn);FV1<p1) < 'Rglp (ﬁ, FV1<p1) )

Since p is one of the continuation prices, we have p > p;. By the induction hypothesis and Eq. (EC.1), we

have:

Rpp(p; F) <p1Pr(Vi > p1) +Pr(Vi < p1) Ry, (p; FV <)
where p := (p1,pe,_1). Thus, the original price vector p is weakly dominated by the two-tier price vector p.

It remains to show that

Rop(D; F) <max{Ryp(p1; F),Rup(p; F)}. (EC.3)
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To this end, define the following four events:

A= {maxVi Zm}, Ay = {maX% Zﬁ},
i€[n] i€[n]
B, ::{V1<p1a maXVinl}7 Bziz{Vl <p1,maXViZﬁ}~
i€[2,n] i€[2,n]

Ay and A, are the events in which an item is purchased under uniform prices p; and p, respectively. B
and B, are the events that occur when the first item is rejected at price p; and another item is acceptable
at price p; or p, respectively. Note we may suppose Pr(Az) > 0 since, if not, the high-price tier never sells
implying that

Rpp(P; F) =p1 Pr(Vi > p1) <p1 Pr(A41) =Rup(p1; F),

and also Pr(A;) > 0 implies that Pr(A4;) > 0 because As C A;.

Now, following the proof of Theorem 1, define \ := %. Since A; is the disjoint union of {V; >p;}
and B, we can express 1 — A = iigfig. Consequently,
max {Ryp(p1; F), Rup(D; F)} > ARup(p1; F) + (1 = N)Rup(p; F)
API'(Bl)
=p, Pr(V; > Pr(As;). ECA4
p1 Pr( 1_p1)+pPr(A1) r(As) ( )
To complete the proof, it suffices to show that g;glji; Pr(As) > Pr(By) since Rpp(P; F)=p1 Pr(Vi >p1) +

pPr(By). By rearranging and conditioning, this inequality is equivalent to showing:
PI'(Vvl < P1 | Al) Z PI‘(Vl <p1 I Ag) (EC5)

The remainder of the proof will be to show Eq. (EC.5). Before proceeding, let us pause to note that Eq. (EC.5)
is intuitive for exchangeable and affiliated valuation distributions. It states that the higher the lower bound
imposed on the customer’s maximum valuation (here, p rather than p;), the more the conditional marginal
distribution of each item valuation should shift upward. In particular, V; should become less likely to lie
below the low-price threshold p;. To formalize this intuition, we will combine exchangeability with the
positive-dependence structure implied by affiliation by passing to the joint distribution of the order statistics.

Let V® denote the i*" order statistic of the valuations, and let M := V(") denote the maximum. Since the

original density f is exchangeable, the joint density of the order statistics is

91, yn) =0 f (Y1, un) iy <. <y ) (EC.6)

The ordered cone C, :={(y1,---,¥n)|t1 <...<y,} is a sublattice. Therefore its indicator function satisfies
Eq. (8), and g(y1,...,y.) is an affiliated density. Further, again since affiliation is preserved under marginal-
ization, for every k € [n — 1], the pair (V*) M) is affiliated.

Our strategy is now to establish an analogue of Eq. (EC.5) for each pair (V) M) and then use an
averaging argument to obtain the desired inequality for (V;, M). To that end, for every fixed a and every
k€ [n—1], define ¢, o(t) :=Pr(V®) < a| M >1t) for all ¢ such that Pr(M >t) > 0. We will show that ¢, .()

is non-increasing in t. Fix s <, and define the events
L:={Vv® <a}, H:={V® >a},
Cr:={s<M<t}, Cy:={M >1t},
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Let hy(x, z) denote the joint density of (V)| M). Since h,, is affiliated, for every z <a <y and s <z <t <w,
we have

hi (2, 2) by, (y, w) > by (2, w)hy (y, 2).

Integrating this inequality over x < a, y > a, s <z <t, and w > 1 gives:

t oo
z<aJy>ads ¢
t oo
2/ / // hi(z, w)h (y, 2) dw dz dy dz.
z<aJy>aJds Jt

The left-hand integral factors over (x,z) and (y,w), while the right-hand integral factors over (z,w) and

(y,2). Therefore, this inequality is equivalent to:

which is equivalent to Pr(L | C;) > Pr(L | C3) by conditioning. Moreover, note {M > s} is the disjoint union
of C and Cy. Thus Pr(L | M > s) is a convex combination of Pr(L | C;) and Pr(L | Cs). It follows that Pr(L |
M >8)>Pr(L|Cs) =Pr(L| M >t). Thus, ¢p..(S) > ¢r..(t), and we conclude that ¢ , is non-increasing.
Now we will translate these order-statistic comparisons back to an individual valuation. By exchangeability,
conditional on the symmetric event {M > ¢}, every coordinate has the same probability of lying below a.

Therefore,

n

Zl{Vi <a}

i=1

1
Pr(V1<a|M2t):EE

n n—1
M > t] = % > bralt) = % > bralt), (EC.8)
k=1 k=1

where the final equality follows from noting that when t > a, the event {M >t} implies that M > a, and the
final term is zero. As every term on the right-hand side is non-increasing in ¢, it follows that the probability
Pr(Vi <a|M >t) is also non-increasing for ¢ > a. Taking a =p; and ¢ € {p1,p} gives Pr(V; <p; | A1) >
Pr(V;y < p;y | A2) which proves Eq. (EC.5). Substituting this inequality into Eq. (EC.4) and combining it with
Eq. (EC.2), gives that Rpp(p; F) < max{Ruyp(p1; F), Rup(p; F)} which completes the induction.

Thus every discriminatory price vector is weakly dominated by a uniform price chosen from one of its own
price levels, and this implies that Rpp = Ryp as desired. O

Proof of Theorem 3. As the upper-bound is handled by a result of ( ), here
we will construct a lower-bounding instance where the gap in revenue between discriminatory pricing and
uniform pricing is logarithmic. To that end, suppose there are n items and for each i € [n], define r; := 4%,
A= 8%1:’ m; =n—i+1, and k; = max{1, {ﬁJ }. Consider the distribution of valuations V= (Vi,...,V,) ~ F
such that there are n valuation types. Each type i € [n] occurs with probability A; and a type-i valuation
vector is constructed by choosing a subset S C [n] of cardinality k; uniformly at random among all subsets,
then setting V; =2r; if j€ S and V; =0 if j ¢ S. With the remaining probability 1 —, A;, let V =0. Note

this distribution over valuations is clearly exchangeable and that this is a valid probability distribution since,

n 3 n . 3n71 . 1 .
Z)\i:§24 :§Z4 =5 (1-47) <L
i=1 i=1 =0
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Now to upper-bound the revenue of an optimal uniform pricing, consider any uniform price p € (0, 2r]
(since if p > 2r; no buyer purchases). Let i € [n] be the unique index such that 2r;; 1 < p < 2r; (letting
rny1 =0). For any type-t valuation vector where ¢ > i, we have

?é?j](% =2r, <2r; 1 <p
and thus they will not purchase any item at price p. Consequently,

i i i-1
3 3 T3 s i
RUP(p)SpE )\jﬁzﬁv %:12 E:ZE 477 =1-47"<1,
=1 =1 ji=1 j=0

which implies that max, Ryp(p) < 1.
Now we will lower-bound the revenue of optimal discriminatory pricing by considering the policy which
uses prices p = (r1,72,...,7,)%. Consider a type-i valuation vector (i.e., the valuation vector where |S| = k;
items have valuation 2r;, chosen u.a.r) and consider the event where the highest index item with non-zero
valuation is 7, denoted by E;. Under event E;, the item ¢ is valued as 2r; which exceeds its price of r;, and
it is the cheapest item which gives non-negative utility thus ¢ is purchased. Further, note that since S is a
uniformly random size k; subset of [n],
(e 1)
(£)

it will imply our desired result since

Pr(E; | Valuation of type i) =

(EC.9)

1

4m;

Now, if we can prove that that Pr(E; | Valuation of type ¢) >
RUP < 1 and

Rpp > Rpp(riy...,rn)> Zri Pr(E; | Valuation of type i)\,

i=1

~ 1 3
> .
_;rl4mi87ﬁi
3 1
CR24n—itl
3
:7Hn7

32

where H,, is the n'"® harmonic number. Thus, in the remainder of this example we will focus on lower-bounding
the expression in Eq. (EC.9).
We will consider two cases. First suppose that ¢ is such that k;, = 1. In this case,

Pr (E; | Valuation of type i) = - by Eq. (EC.9), and k; = 1 implies that 5%~ < 2 by its definition. Thus

1
Pr (E; | Valuation of type i) = % > ﬁ as desired. Now suppose ¢ is such that k; > 2. Since k; = {ﬁJ, we

have k; < 3%~ <k; + 1. Using i =n —m; + 1, by Eq. (EC.9) we obtain:

k; i —j
Pr (E; | Valuation of type i) = — | I )
n
Jj=1
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ki—1
k; — m; — 1
> 1- !
()

j=1
n n—k;,+1
Shkify k-l

k; ki—1

> 1-
1
>

where the first inequality follows from the inequality [[ (1 —a;) > 13" a; for any numbers {a;} C [0,1],
the third and fourth inequalities follows from recalling 4 is such that 2k;(m; — 1) <n —2k; <n —k; +1

which implies that % < % and Fi™i > ﬁ, and the final inequality is by rearranging. Thus
Pr (E; | Valuation of type i) > 72— for all 4, as desired. O

B.2. Omitted Proofs from Section 4

Proof of Lemma 1. Suppose p = (p1,...,p,) is the differentiated price vector given V; ~ F; where p; <
pe <--- <p, and F; is regular for i € [n]. For each item, define ¢; := Pr(V; > p,;) as the acceptance probability
at the differentiated prices. Without loss of generality, we assume g; € (0,1) for all i, since otherwise the item
generates no revenue and can be omitted. The revenue function for each item i under price p; can therefore
be written as Rp, (¢;) := p;¢;. In this proof, we construct an instance with triangular revenue distributions
that preserves the revenue of differentiated pricing while weakly decreasing the revenue of uniform pricing.

To construct the triangular revenue distribution instance, we first define

_ Dbigs

1 (EC.10)

a;

and replace V; by Vi ~ Tri(a;, p;). By the definition of ‘N/i, we have

Pr(V,>p;)= @+ s =dqi,

where the equality follows by plugging in the definition of a;. Recall that the revenue of differentiated pricing

is

n i—1
Rop(P) =Y _pig: [ [(1—q)
i=1 j=1

The replacement preserves every differentiated price acceptance probability, and hence
Rpp > RDP(p) =Rbpep.

It remains to show that uniform pricing revenue weakly decreases after the replacement. Note that, the

revenue-quantile function of the triangular revenue distribution satisfies
RFi (O) = ,R’Tri(ﬂivm) (0) =0, RF1 (ql) = ,R’Tri(ai»Pi) (Qz)
Since F; is regular, by the concavity of the revenue-quantile function, we have

R, (@) = aF7 (1= 2) 2 Revia, ) (#) = 2P, ) (1= 7)
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for any z € (¢;,1), equivalently, F," ' (1 —z) > F%r}(ai,pi)(l — ). By the monotonicity of F,"*, we immediately
obtain that, for any p < p;,
Pr(V; > ) = 1= Fi(p) 2 1 = Frvi(a, ) (B) = Pr(Vi 2 ).
Further, when p > p;, the replacement never accepts. Hence,
Pr(V; > p) < Pr(V, > p) for every p.
By independence, the probability that all items reject a common price is weakly larger under the replacement.

Thus,
Rur(p) < Rup(p) for every p,

and maximizing over p yields

Rup < Ruep,

which completes the proof.
|
Proof of Lemma 2. For any triangular revenue instance Z and € > 0, suppose there exists a differentiated
price vector p = (p1,...,p,) that satisfies Rpp(p;Z) > Rpp(Z) — 5, where, for the simplicity of notations,
we use Rpp(p;Z) to denote the revenue of differentiated pricing with price p under Z, and Rpp(Z) and
Rup(Z) to denote the optimal revenue of differentiated pricing and uniform pricing under Z, respectively. In
the following, we show that Z can be transformed into the desired canonical instance, which preserves the
revenue of differentiated pricing arbitrarily close and weakly decreases the revenue of uniform pricing. Some
of the steps in the proof follow similar analyzes of triangular revenue distributions in ( ),
( ). We include the details because the differentiated pricing revenue in our model is governed by
the min-buying continuation recursion.
Consider an item whose valuation distribution is V; ~ Tri(a;,v;) and is displayed at price p;. An item
priced above its cap v; never sells and may be removed, so we assume p; < v;. Now, if we replace V; by

Vi ~ Tri(a;, p;), at the displayed price, we have

Pr(Vizpi) = i =Pr(V, > p,).
a; + P;

The replacement therefore preserves the item’s acceptance probability at its displayed price. Since differen-
tiated pricing revenue under min-buying depends only on the displayed prices and their acceptance proba-
bilities, the revenue of the selected price vector is unchanged. Further, we show that the replacement also

weakly reduces uniform-price demand. For t < p;, the two distributions have the same acceptance probability:

Pr(‘A/i >t)=Pr(V,>1t)= - For t > p;, the truncated item never accepts, whereas the original item may

still accept. Hence,

Pr(f}i >t)<Pr(V;>1t) for every t.

By repeating this replacement for every item, we can therefore assume each item is priced at its cap under

the differentiated pricing.
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Next, we show that items with a common cap can be aggregated. Suppose m items share a common cap

v, with parameters a1,as...,a,,. Now, we replace them by one item with valuation distribution Tri(a,v),

where a is chosen so that e = ;" 1 v+a . Equivalently, a = v( (1—|— ) ) Let z denote the

continuation revenue from all more expensive items. The original instance generates continuation revenue

v (1 - H;ﬂ 13 +a ) +z HJ 13 +a , which remains the same after replacement. We next verify that aggregation

weakly reduces demand at every lower uniform price. For ¢ < v, the original instance and the aggregated

item have rejection probabilities

m

t t
H and ,
t+a; t+a

j=1
respectively. Let A := % >1 and b; := *£. The desired inequality 2 > [[Z, 7775 is equivalent to
J
1+>\<H(1+b ) [T+,
i=1 =1

which follows by plugging a and rearranging. To see why this is true, expand the products on both sides.
Every term of degree d > 1 is multiplied by A on the left and by A\¢ on the right. Since A¢ > ), the inequality
follows.

From now on, we assume that the caps of the triangular revenue distributions are distinct and ordered as
v1 > vy > -+ v,. Define the continuation revenue recursively by:

ar+Cr_1

C 1207 Cy:= )
0 . 1+ak/vk

k€ [n). (EC.11)

The quantity C} is the revenue generated by the first k items under min-buying, where items are incorporated
from the highest cap to the lowest. In particular, C,, is the revenue of the selected differentiated prices. If

C,, <1, choose P sufficiently large that C, — 5, and retain only the item Tri(1, P). Its uniform-pricing

P+1 =

revenue is strictly below one, while

that C,, > 1.

= + 5.5 2 Rpp —¢. The result follows in this case. Henceforth, we assume

We then compress the expensive prefix. Following the first-crossing organization used in triangular-instance
reductions for sequential posted pricing by ( ), let r be the first index at which the continuation
revenue reaches one:

C._1<1 and C,>1. (EC.12)

Note that the continuation revenue is

Gy +C7‘—1 Gy Ur
= r r—1,

C. = -
1+a,/v, ar—&—vTv a, + v,

which is a convex combination of C,._; <1 and v,. Therefore, we have
1<C,. <, and v, > 1.

We replace the first r items by an ideal equal-revenue continuation of one followed by at most one boundary

item with cap v,. Define
_u(C—-1)
— ) EC.13
a== ( )
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Because 1 < C, <wv,, we have a > 0. If C,. =1, then a =0, and the boundary item may be omitted. We next

verify that this replacement has the two desired properties. First, we show that the replacement preserves
differentiated pricing revenue. By the definition of a,
a+1

m =C,. (EC.14)

Hence, starting from a continuation equal to one and adding the boundary item Tri(a,v,) produces exactly

the same continuation C, as the original first r items. Since all remaining continuation updates depend on

the prefix only through C,, this replacement leaves the differentiated revenue generated by the remaining

items unchanged.

Second, we show the replacement weakly reduces uniform-price demand. Let Q(t) :=[]/_ 11 T be the

probability that the first » — 1 items all reject a uniform price ¢ <v,.. Their continuation revenue is C,_1, so
Lemma EC.1 gives:
t

We first derive a useful bound on C,. At the uniform price v,., the first r items reject with probability

Qv,)— P . Since the optimal uniform-pricing revenue is at most one,

Ur )gl.
U, + a,

v, (1 - Q(v,)

Together with Eq. (EC.15), this implies that:

1 v v
- —< _ . EC.16
Uy _UT—’_Crfl v, +a, ( )
Solving the continuation equation for a, gives a, = % and therefore —r— = % Substitut-
ing this expression into Eq. (EC.16) yields ”T_l < Mogcl) Rearranging gives:
v, —1)C?
crg1+$g1+cr_1. (EC.17)

v

T

We can now compare the rejection probabilities of the original and replacement prefixes. At a uniform

price 0 <t < wv,, the original first r items reject with probability Q(¢ ) , whereas the replacement rejects
with probability t+1 Ha By Eq. (EC.15), Q(¢ )m < ﬁ 7. and substltutmg
o = ’UT(C,«—CT,l)) - UT(CT—1)7
Uy — CT Uy — C’l‘
gives
1-C,_

LiCt+u.(1+C_1 —C,)].

(t+Coon)t+a,) = (t+1)(E+a) = — 5=

The right-hand side is nonnegative because
OT—1<17 CT<UT7 Or§1+cr—17

where the last inequality follows from Eq. (EC.17). Hence,

t t < t t
t+C._1t+a, “t+1t+a
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Combining the last two inequalities,
t t t
<

t
Q()t+aT—t+1t+a’

0<t<u,. (EC.18)

Thus, the replacement preserves the continuation C, while weakly increasing the rejection probability at
every relevant uniform price.

It remains to replace the ideal continuation of one by a finite triangular-revenue item. Let Vj ~

Tri(1, P), P > v,. Its continuation revenue is PL;N which converges to one as P — 0co. Keeping the boundary
~ at P
parameter a fixed, the continuation after the boundary item becomes C,.(P) := J_(_f /ti, so that
C.(P)1C,  asP—oo0. (EC.19)

For every t < v,, the terminal item rejects with probability ¢/(t + 1), independently of P. Therefore,
Eq. (EC.18) remains valid for every finite P > v,.

We next remove all items whose caps are at most one. Starting from C, > 1, every subsequent item with
cap greater than one preserves a continuation value of at least one, because its continuation update is a
convex combination of the incoming continuation and its cap. In contrast, if the incoming continuation is

y > 1 and an item has cap v, <1, then

1—
ap +y _y:ak( y/v’“)go,
1+ak/vk 1+G,k/’Uk

Moreover, since the updated continuation value is a convex combination of y and vy, it remains at least
Ui, > Upy1. Therefore, the same argument applies inductively to every subsequent item in the non-increasing-
cap suffix. Hence, once the caps fall to one or below, the remaining items cannot increase differentiated
revenue and may be deleted. Their deletion also weakly reduces uniform-price demand.

Let L > r be the largest index such that vy > 1, and retain the items r+1,..., L. Let C'L(P) denote the
differentiated revenue obtained by starting from @7.(P) and applying the retained continuation maps. Each

map
ai +y
1+ak/vk

< 1. Consequently,

Yy

is increasing and has derivative ——
1+ay /vk

0<C,—CL(P)<C,—C,(P)—0.

Since deleting the low-cap tail weakly increases differentiated revenue, Cp, > C,,. We may therefore choose P

sufficiently large that Cy(P) > Cp — £. It follows that

~ € €
CL(P>ZCL_§ ZCn_§ ZRDP(I)—E~

Finally, we verify the uniform-pricing bound. For ¢ < v,., the new prefix has weakly higher rejection prob-
ability than the original prefix by Eq. (EC.18). The retained cheaper items are unchanged, while deleting
the low-cap tail only further increases the probability that all items reject. Thus, uniform revenue at every

t <w, is no greater than in the original instance and is therefore at most one.
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For v, <t < P, all finite retained items are inactive, and only the terminal item can sell. Its revenue is

t
— <1
t+1

Prices above P generate zero revenue. Hence,
Rup<1.

After relabeling the boundary item and the retained suffix, the canonical instance consists of the terminal
item Tri(1, P) and finite items

Tri(ag,vy), P>vy>-->vy>1.

If C}, denotes the continuation revenue in this canonical instance, then

P ap+ Cr_
Co=—, Cp = M
P + 1 1 + G;k/’l}k
Writing x;, = 1/v,, gives
Cy_
0, = ap + 0k ’
1+ ATy,
which is the desired canonical representation. |

Proof of Lemma 3. Consider a finite canonical instance satisfying Ryp < 1. Let Vy = Tri(1, P) denote
the terminal item and V; ~ Tri(a;,v;) denote the remaining items, where P > vy > vy > -+ > v, > 1. For
simplicity of notation, we define x; := Ui Therefore, we have 0 < 1 < x5 < --- < x, < 1. Let C}, denote the
continuation revenue after incorporating the first £ items. Then, by Lemma 2, we have Cy = PLjrl <1 and
C,= % for k € [n]. In the following, we show that the revenue of cap priced canonical instance is upper
bounded by I'*.

We first use the uniform-pricing restriction to bound the cumulative triangular-revenue mass. For k € [n],
consider the uniform price p = v,. At price p, the terminal item is rejected with probability p/(p + 1),

and exactly the first k finite items are active. Since item 7 < k is rejected with probability p/(p + a;), the

k
p p
1—-— <l1.

Rearranging the inequality and taking logarithms for both sides gives

k
Zlog (1 + m) < —log(1—p7?).
i=1 p

normalization Ry p <1 implies

Plugging p=1/z,, in, we obtain

k
Zlog(lJrai:z:k) < —log(1—x3). (EC.20)
i=1

For every a > 0, the concavity of log(1+4ax) and the identity log(1+a-0) =0 imply log(1+az) > zlog(1+a)
when z € [0, 1]. Applying this inequality term by term in Eq. (EC.20) and rearranging yields

log(1 —z2)

T

Zlog(l—l—ai)g — = A(zy,).
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For simplicity, let so:=0 and s, := >+, log(1 +a;) for k € [n]. Because A(z) is strictly increasing on [0, 1),
define the budget-binding reciprocal caps T, := A~1(s,) for k € [n]. In particular, Zy = 0. By Eq. (EC.20)
and the monotonicity of A(z), we have T} < x;. After discarding any item with a; = 0, we may assume
0=Zp<T1 < - <ZTp,<1.

Now we define a relaxed continuation recursion by

ap +U,_1
Up:=1, U,:=———, k€ [n]. EC.21
0 k 1+ iy [n] ( )
. N a+27 . . . . . . . _ P _
Note that the update function T, ,(z) := 1+ Is increasing in z and decreasing in . Since Cy = 7 <1l= Uy

and Z), < xy, the induction gives Cy, =T,, ., (Cr-1) < Ty, z,(Ux—1) = Uy for any k € [n]. In the recursion of
Uy, the uniform-price budget binds exactly, i.e., log(1 4+ ay) = s, — sx_1 = A(Z1) — A(T_1). Therefore, the
choice of a,;, satisfies

ap = exp(A(Ty) — A(Ty_1)) — 1.

We next show by induction that Uy < ¢(Zy). Recall that ¢(x) is the solution for
d(z)=A'(z)(1—zc(z)), c(0)=1.

For k =0, by definition we have Uy =1 = ¢(0) = ¢(Zy). Suppose Uy_1 < ¢(Zy_1). Since T, .(z) is increasing
inz, Uy =T,, 5, (Ui1) <T,, 5 (c(ZTy_1)). Because a, = exp(A(Z)) — A(Z)_1)) — 1, we can then apply the
result in Lemma EC.2 with y =Z,_, x =%, and z =¢(Z)_1), since by Lemma EC.3 we have ¢(z) > 1 for all
€ (0,1). Therefore, Uy, <T,, z, (c(Z_1)) < c(Tk).
Furthermore, we prove that the maximum of ¢(z) is attained at the unique z* satisfying z*c(z*) =1 in

Lemma EC.3. Therefore, combining all the results above, we obtain

RDP(V) = Cn S Un S C(gn) g n’l[g}f) C(x) S 1—\*’
ze|0,

which completes the proof. O
Proof of Lemma 4 Fix X € (0,1). We construct a sequence of finite canonical instances whose uniform-
pricing revenue is exactly one and whose differentiated pricing revenue converges to ¢(X). The result then
follows by taking X = z*.
Form>1,let h:= %. For each k € [m], define Gy (x) := (1—a?)(1+ha)*, for z € [0,1), and let z;, € (0,1)
be the unique positive solution to

(1—23)(1+ hxp)* = 1. (EC.22)

The role of this equation will become clear below: it makes the uniform-pricing constraint bind exactly at
the k-th item boundary.
We first verify that the roots are well defined and ordered. The logarithmic derivative of G (z) is

2x kh

d
4 8@ =~

dx

and its derivative is strictly negative on (0,1). Thus, Gy (x) is strictly unimodal. Since

Gu0)=1, G (0)=kh>0,  lmGy(x)=0,
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the function first rises above one and then decreases below one. Therefore, it has a unique positive root .
Moreover, for every x > 0,

In particular, Gy 1(2;) > 1, so the positive root of G, lies strictly to the right of that of G,. Hence,
O<zi <z <+ <2y, < L.

Set vy, := i for k € [m], therefore v; > vy---v,, > 1. For some P > vy, consider the canonical instance
consisting of Vy ~ Tri(1, P) and V,, ~ Tri(h,vs) for k € [m]. We first show that its optimal uniform-pricing
revenue is one. Consider a uniform price p € [1,v1], let z:=1/p, and suppose exactly the first k finite items
are active. The terminal item rejects with probability 1/(1+ x), and each active item rejects with probability

1/(1+ ha). Hence,
1

ort) =, (= ey )

A direct rearrangement gives

Because exactly k items are active, x > x;,. By the definition of z;, and the fact that Gy (x) is below one to
the right of its positive root, Ryp(p) < 1. At the boundary price p = v, we have x =z, so Eq. (EC.22) gives
Ryp(vp) =1. For v; < p < P, only the terminal item is active and its revenue is p/(p+ 1) < 1; prices below
one earn at most one, and prices above P earn zero. Therefore, for the constructed canonical instance, we
always have

We next consider differentiated pricing and price every item at its cap. Let Clgm’P) denote the continuation

revenue after the terminal item and the first k£ items have been incorporated. Then

,P)

P P _ h+C™

C(m,P):
0 P+1’ k 1+ hay,

Let C,Em) denote the same recursion with Cé’”’ = 1. Since each continuation function is increasing and 1-

Lipschitz, 0 < C{™ — O™ < 515, Thus, for each fixed m, C{™P) — CG™ as P — co. By Lemma EC 4,
Cim — ¢(X) as m — 0o.

Now choose X = z*. By Lemma EC.3, ¢(z*) =I'*. Hence, for any ¢ > 0, we may first choose m sufficiently
large and then P > v; sufficiently large so that C{"¥) >T* —¢. Since cap pricing is a feasible differentiated
price vector,

RDP > Cfnm’P) > —e.
Combining this with Eq. (EC.23) proves there exist a canonical instance such that

RUP:]-, RDP>F**€.
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B.3. Additional Omitted Proofs
LemMA EC.1 (Prefix Rejection Bound). Consider an ordered collection of independent triangular-
revenue valuations
Vi~ Tri(a;,v;), i=1,...,m,
whose caps satisfy v; >t for some t > 0. Suppose each item is priced at its cap, and define the continuation

revenue recursively by

7
Zo:i=0, Zo=Utlot
14a;/v;
Let
ot
m(t) =

be the probability that every item rejects the uniform price t. Then

t
Qm(t) < .

(EC.24)

Proof of Lemma FC.1  We proceed by induction on the number of items. The result is immediate for

m =0, because Zo =0 and Qo(¢) = 1. Suppose the result holds for the first m — 1 items. After adding the

final item, the continuation revenue becomes Z,, = %, whereas the rejection probability becomes
Qm(t) =Qum_1(t) t+flm . By the induction hypothesis, Q,, (t) < mﬁ It therefore remains to show that
t t t
<

t+Zprt+ 0, ~ t+ 20
Because all denominators are positive, this inequality is equivalent to t(t+ Z,,,) < (t+ Z,,—1)(t + @, ). Using
the definition of Z,,, the difference between the right- and left-hand sides is

am—i_mel
t+ 2, 1)(t —tt+2Z,)=0t+Z,_1)( —-t{t+—-7->7—
(14 2o}t ) =04 Z0) = (04 Zyoa)0 ) =t (14 52020
o am(amt+amZm—1 +th—1 +vam—1) >0
B A + U, -
Hence, Q,,,(t) < ;75— which completes the induction. O

LeEMMA EC.2 (Continuous Envelope Dominance). Suppose 0 <y <1 and the continuation value at

reciprocal cap y is z > 1. Let ¢:[y,1) = R be the unique solution to

Cs) = A(s)(1 = sels)),  cly) ==
For any x € [y,1), define
a(z) = exp (A(z) — A(y)) = 1.
Let d(xz) be the continuation value when incorporating another item with a wvaluation distribution
Tri(a(x),1/x) where y <z < 1. Specifically, d(x) is given by

a(x)+z
d(z) = Tt 2a()

Then, the discrete continuation update d(x) is upper-bounded by the continuous envelope c¢(x), namely,

d(z) <c(x) for every x € [y, 1). (EC.25)



ecl6 e-companion to Hamilton et al.: Unit-Demand Pricing for Min-Buying Customers

Proof of Lemma EC.2. 1In this proof, we compare the discrete continuation value d(s) with the continuous
envelope ¢(s) as the reciprocal cap x increases from y. Specifically, we show that an appropriately weighted
difference between them is nondecreasing, which implies that the continuous envelope remains weakly above
the discrete continuation.

For z € [y, 1), the definition of a(x) gives
d(z)=A(2)(1+a(x)).

Note that the direct derivative of ¢(x) —d(x) contains a linear term proportional to this difference. We absorb

the term by defining p(x) :=exp (f: tA'(t) dt) and the weighted gap

h(@) = p(z)(c(x) — d()).

Since p(x) > 0 for any z € [y, 1), to show d(x) is always upper bounded by c¢(z), we only need to show h(z) > 0.
By the definition of a(z), we immediately obtain a(y) =exp (A(y) — A(y)) —1 =0, and hence h(y)=0.

We next show that h(z) is nondecreasing from y. Since p/(z) = zA’(z)u(x) and ¢'(z) = A'(z)(1 — zc(x)),
taking the derivative of h(x) yields

W(2) = p(a) (¢ (x) — d'(2)) + () (el) — d(z))
= (@) [¢ () — d' (@) + 24 (2) (elx) — d(x))]
= () [A'(2) (1 - 2d(2)) — d'(2)] (EC.26)

where the second equality follows from plugging u/'(z) and the third equality follows from simplifying. Sub-
stituting the definition of d(x) and its derivative into Eq. (EC.26) and simplifying gives us
a(x)
————(a(x)+z—A'(x) (1 —2)(1—z1)). EC.27
e () +2 = A )1 =)0 =2) (BC.27)
It remains to verify that the right-hand side of Eq. (EC.27) is nonnegative. We first establish an auxiliary
bound

W (z) = p(x)

Allx)(1-2)* <1, 0<zx<l. (EC.28)

Recall that A(z) = *Ma the derivative of A(z) is

2
_ 2 +log(l x)< 2
1—x2 2 —1—a2

A'(z) ~1L

where the inequality follows since log(1 —z?) < —z? for any z € (0,1). Consequently, multiplying by (1 —z)?
yields

(1-z)(1+4x) <1

=4

<
14+ - 14+

A(2)(1—2)* < (1—2)? <1_2$2 —1) _(d-oite)

where the first equality follows by simplifying and the second inequality follows since 1 + 22 <1+ z for any
€(0,1). This proves Eq. (EC.28).
Further, because z > 1, we have 1 — z&x <1 —z for = € (0,1). Note that the power-series representation

2

A(z) is A(z) = logi=a®) _ > %, which implies A’(z) > 0. Thus, we obtain

T i=1

A)1—2)(1—z22) < A(z)(1-2)* <1< a(x)+ 2,
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where the last inequality follows since z > 1 and a(x) > 0. Since by definition p(z) > 0, a(z) >0, 1+ za(x) >0,
we conclude that h'(z) > 0, for every x € [y, 1). Therefore, h is nondecreasing and h(y) =0, which implies

h(z)>0 for every = € [y,1).
Because u(z) > 0, this is equivalent to
d(z) < c(x) for every z € [y,1),
as claimed. 0

LEMMA EC.3 (Maximum of the Continuous Envelope). Let c¢:[0,1) = R be the unique solution to
d(z)=A'(z)(1—zc(z)), c(0) =1.
Then there exists a unique x* € (0,1) satisfying
x¥c(z*) = 1. (EC.29)

Moreover, c¢(x) is strictly increasing on [0,x*] and strictly decreasing on ([x*,1). Consequently,

max c(z) =c(z*) = 1 r*. (EC.30)

0<z<1 x*

Proof of Lemma EC.3 Note that ¢/ (z) = A’'(z) (1 — z¢(z)) and we have shown A’(z) >0 for z € (0,1) in
the proof of Lemma EC.2. The essence of the proof is therefore to show 1 —ze(x) crosses zero exactly once.
For simplicity, define g(x) :=1— ze(x).

We first prove the existence of the crossing point z*. Suppose that g(z) has no zero on (0,1). Since g(0) =1

and ¢ is continuous, this would imply
g(x)>0 for every z €10,1).

Consequently, ¢’(z) > 0 for every z € (0,1), so ¢(z) is strictly increasing. Fix any x, € (0,1). Since ¢(0) =1,

the strict monotonicity implies ¢(z¢) > 1. We can therefore choose x € (z9,1) such that = > ﬁ Because
¢(x) is increasing, we have

xe(x) > xe(xg) > 1,

which contradicts with the assumption g(x) = 1—xzc(z) > 0. Hence, there exists x* € (0,1) such that g(z*) =0,
or equivalently, x*c(z*) = 1.

We next prove the uniqueness of the crossing point z*. Taking the derivative of g(z) gives
g () = —c(x) — ' (x).

At any zero point z* of g(x), we have g'(2*) = —c¢(2*) = — & < 0. Thus, every zero of g(x) is a strict crossing
from positive to negative, which implies the crossing point z* is unique since g(x) is continuous. If z; were
the first zero, then g(z) < 0 just to its right. If another zero x5 > x; exists, take the first such zero. Continuity
of g(z) gives g(x) <0 immediately to its left, whereas ¢’(x3) < 0 implies g(x) > 0 immediately to its left.

Therefore, it contradicts the definition of x,. Hence, z* is the unique zero of g(z). It follows that

g(x)>0 for0<z<z”, g(x) <0 foraz*<x<l1.
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Consequently, the function c(z) is strictly increasing before 2* and strictly decreasing afterward. Since ¢(x)
is increasing on [0,2*] and ¢(0) = 1, we obtain ¢(z) > 1 for = € [0,2*]. For any = > z*, we have g(z) < 0 which
implies ze(x) > 1. Hence, ¢(x) > 1 for all z € [0,1]. Further, ¢(z) attains its unique global maximum at x*.

Finally, the first order condition z*¢(z*) =1 implies

I
|
I

=

\.*

. *
Jmax, c(x) =c(x*) -

which completes the proof. (]

LEMMA EC.4 (Convergence of the Canonical Recursion). Fiz X € (0,1). For each m > 1, let h:=
A(X)

m

and, for each k € [m], let x), € (0,1) be the unique positive solution to
(1—a27)(1+hay)" =1. (EC.31)

Define the discrete continuation sequence by

m R CM

Then

Cim — (X)) as m— 0o,
where ¢ is the continuous envelope.

Proof of Lemma EC.4 Let S:= A(X) and s, := kh for k € [m]. We show that the discrete continuation
recursion is a first-order approximation to the continuous envelope after the change of variables s = A(x).
Taking logarithms in Eq. (EC.31) and dividing both sides by x; gives

Alwy) = gL Hhe) (EC.32)

Ty
Using the fact that u — “72 <log(l+wu) <w in Eq. (EC.32), we obtain

_ 2
log(1 + haxy,) S0, and  se— A(zy) = k(h —log(1+ hxy)) < kh?x,, < SiXh.

Hence, we have

max |A(xy) — si| = O(h). (EC.33)

ke[m]

Because A'(x) is continuous and strictly positive on [0, X], A=!(z) is Lipschitz on [0, S]. Therefore,
zy=A""(s) +O(h), (EC.34)

uniformly over k € [m].
We now rewrite the continuous envelope. Define y(s) :=c(A71(s)), 0 <s < S. By the chain rule and the

defining ODE for ¢(z),
y(s)=1-A"(s)y(s),  y(0)=1. (EC.35)

Next, rearrange the discrete continuation recursion as

o™ _otm _p,
k k=1 1—|—hxk

(EC.36)
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The continuation sequence is uniformly bounded. Indeed, C\™ < C{™ + h, and hence 0 < C\™ <1+ kh <

e (™)
14 S. Combining this bound with Eq. (EC.34) and z, < X, we obtain ll_f%k‘l =1- Ail(sk)C,S_"i + O(h),
uniformly in k. Thus,
o = cm 4 (1 —A*l(sk)C,ﬁT}) +O(h?). (EC.37)
Likewise, integrating Eq. (EC.35) over [s;_1, sx] gives
Y(se) =y(sk-1) +h (1= A7 (s)y(se-1)) +O(h?), (EC.38)

where the error term is uniform in k. Let e;, := C{™ —y(s;,). Subtracting Eq. (EC.38) from Eq. (EC.37), and
using A~Y(s;,) < X, yields
lex| < (14 Xh)|ex_1|+ Kh?

for some constant K > 0 independent of m and k. Since eq =0, iteration gives

m—1
lem] KB (14 Xh) < KShe*s — 0,

7=0
because h =.5/m — 0 as m increases.

Finally, s,, =mh =5 = A(X), and therefore y(s,,) = (A7 (A(X))) =¢(X). Hence,
O =y (sm) +em — c(X),
as claimed. 0

LeEmMA EC.5 (Continuous Approximation of Triangular Instances). For every finite triangular-
revenue instance I, let v denote its cap-price vector. If Ryp(Z) <1, then for sufficiently small § >0, there

exists an independent continuous reqular instance I° such that

1

RDP(V;IS) 2 RDP(V,I) and RUP(IE) S m

Proof of Lemma EC.5 Consider an item with V; ~ Tri(a;,v;), and let ¢; = a_’_‘ﬁy, be its acceptance proba-

bility at the cap. By the definition of Tri(a;,v;), its revenue-quantile curve is

. v:q, OSQSQM
Revi(as ) (4) = {ai(l -q), ¢<q<l

Now, for § > 0 small enough that § < min{a; +v;,1}, we consider a similar revenue function
U; +6 (1—l>, 0< <rL7
Ri(q)=q " T ) P
ai(l_q)a ¢:<qg<1.
Note that the left derivative of R?(q) at ¢; equals v; — &, whereas the right derivative R?(q) at ¢; equals —a,.

The first branch R9(q) (¢ < ¢;) is strictly concave and the second is linear, thus R?(q) is concave. Hence, the

induced distribution F? is regular. Its upper quantile function is

Q:(q) = = eig "
q s ¢ <q<l
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Inverting Q?(q) gives us,

a;&»x’ OSJL‘S’Uh
Flz)=q1-%(v,+6—12), v;<z<v,+0
1, IZU1+5

Therefore, F? is continuous and regular.
Moreover, Q°(q;) = v;, so Pr(V;® > v;) = q; when V;? ~ F?(z). Therefore, pricing every item at its original
cap preserves every itemwise acceptance probability. Since independence and the ordering of the caps are

unchanged, the revenue of the cap-pricing is preserved exactly. Hence,
RDP(V;I(;) Z RDP(V,I)

Now, the only thing remaining is to bound the revenue of uniform pricing. By the construction of F?(x), we

have

Fié(p)ZFTri(ai,vi)<p_6)a p25

This follows directly from the explicit form of F?(x): smoothing shifts each valuation upward by at most 4.

Hence, by independence, we can easily obtain
HFf(p) Z HFTri(ai,vi)(p - 6)
Therefore, for any p > 1,

RUP(p;I(S)

P (1 - HFf(p)>
<p (1 — H Frvi(a, 00 (P — 5))

_ D

- §RUP(p_ 67)

‘ -

<

3

(%)

1—

where the last inequality follows since Ry p(p;Z) <1 and 25 < o5 for any p>1 and ¢ small enough. For

the case p <1, Ryp(p;Z°) <p <1 is automatically true. |
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